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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus

56

1. Calculus is the mathematics of change. Precalculus is
more static. Answers will vary. Sample answer:

Precalculus: Area of a rectangle

Calculus: Area under a curve

Precalculus: Work done by a constant force
Calculus: Work done by a variable force
Precalculus: Center of a rectangle
Calculus: Centroid of a region

2. A secant line through a point P is a line joining P and

another point Q on the graph.

The slope of the tangent line P is the limit of the slopes
of the secant lines joining P and Q, as Q approaches P.

3. Precalculus: (20 fi/sec)(15 sec) = 300 ft

4. Calculus required: Velocity is not constant.

Distance = (20 ft/sec)(15 sec) = 300 ft

5. Calculus required: Slope of the tangent line at x = 2 is

the rate of change, and equals about 0.16.

6. Precalculus: rate of change = slope = 0.08

(- %) =8 _(x-24-2)
x =2 - x =2
Forx =3, m=4-3=1

(b) slope = m =

For x =25 m=4-25=15=

For x =15 m=4-15=25 =

Dl ow

7. f(x) = Vx
(@
P4,2)
N
2
| AP
-2
(b) slope = m = \/;7
x—4
_ Jx -2
(\/§+2)(\/}—2)
S S
x +2
x=1m-= ! —1
' Ji+2 3
1
x=3m=—— = 02679
3 +2
x=5m L 02361

NG

. 1
(c) At P(4,2) the slope is

1
— = — = 0.25.
NI
You can improve your approximation of the slope at
x = 4 by considering x-values very close to 4.

=(4—x),x¢2

(c) At P(2,8), the slope is 2. You can improve your approximation by considering values of x close to 2.
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Section 1.2 Finding Limits Graphically and Numerically 57

0
(9]
+

9. (a) Area
Area = l(5 + 2+
(b) You could improve the approximation by using more rectangles.

10. Answers will vary. Sample answer:

The instantaneous rate of change of an automobile’s position is the velocity of the automobile, and can be determined by the
speedometer.

11. (@) D =\/(5—1)2+(1—5)2 = /16 + 16 = 5.66
Vo e (=3 e G e )

2.693 +1.302 + 1.083 + 1.031 = 6.11

(c) Increase the number of line segments.

(b) D,

N

Section 1.2 Finding Limits Graphically and Numerically

1. As the graph of the function approaches 8 on the horizontal axis, the graph approaches 25 on the vertical axis.

2. (i) The values of f approach different (ii) The values of f increase without  (iii) The values of f oscillate between
numbers as x approaches ¢ from bound as x approaches c: two fixed numbers as x approaches c:
different sides of c¢: .

at |
3T |
24 1
1 |
Bauguaiy I M !
L 3-2-1 | b234s
3t -2+ )
ot
3. 4. No. For example, consider Example 2 from this section.
1, x#2
xX) =
| f( ) {0, x =2
| =22
L?_u lim /(x) = L but/(2) = 0
j‘ x
5.
X 3.9 3.99 3.999 | 4| 4.001 4.01 4.1
f(x) | 0.3448 | 0.3344 | 0.3334 | ? | 0.3332 | 0.3322 | 0.3226
lim —X— %~ 03333 [Actual limit is 1.)
x4 x° —5x — 4 3
6.
x 29 2.99 2999 | 3| 3.001 3.01 3.1
f(x) | 0.1695 | 0.1669 | 0.1667 | ? | 0.1666 | 0.1664 | 0.1639
lim xz— 3 0.1667 (Actual limit is lj
x=3x7 =9 6
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10.

11.

12.

13.

14.

Chapter 1 Limits and Their Properties

X -0.1 —0.01 —-0.001 0 | 0.001 0.01 0.1

f(x) | 0.5132 | 0.5013 | 0.5001 ?7 104999 | 0.4988 | 0.4881
im Y171 05000 [ Actual fimit s -
x—0 X 2

X 2.9 2.99 2.999 3.001 3.01 3.1

f(x) | —0.0641 | —0.0627 | —0.0625 | —0.0625 | —0.0623 | —0.0610

Y(x+1)| - (1/4

lim M = —0.0625 [Actual limit is —LJ
x—3 x -3 16

b -0.1 -0.01 —-0.001 | 0.001 0.01 0.1

f(x) | 0.9983 | 0.99998 | 1.0000 | 1.0000 | 0.99998 | 0.9983

lirr}) SIMY . 1.0000 (Actual limit is 1.) (Make sure you use radian mode.)
x— X

X -0.1 -0.01 —0.001 | 0.001 0.01 0.1

f(x) | 0.0500 | 0.0050 | 0.0005 | —0.0005 | —0.0050 | —0.0500

lirr(l) cosx =1 _ 0.0000  (Actual limit is 0.) (Make sure you use radian mode.)
x— X

X 0.9 0.99 0.999 1.001 1.01 1.1

f(x) | 0.2564 | 0.2506 | 0.2501 | 0.2499 | 0.2494 | 0.2439

lim —= =2 ~ 02500 (Actual limit is 1.]
=l xt 4+ x -6 4

X —4.1 —4.01 —4.001 | 4 | -3.999 -3.99 -3.9
fx) | L1111 1.0101 1.0010 ? 1 0.9990 0.9901 0.9091
lim —"%  _ 10000 (Actual limitis1)
x>—4 x° 4+ 9x + 20

X 0.9 0.99 0.999 1.001 1.01 1.1

f(x) | 0.7340 | 0.6733 | 0.6673 | 0.6660 | 0.6600 | 0.6015

.oxt - . 2

lim = 0.6666 [Actual limit is 7.)

x—1 x° — 3

X -3.1 -3.01 -3.001 -3 | =2.999 -2.99 -2.9

f(x) | 2791 27.0901 | 27.0090 | ? | 26.9910 | 26.9101 | 26.11
3

fim * 27 _ 270000 (Actual limit is 27.)

x>-3 x4+
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Section 1.2 Finding Limits Graphically and Numerically 59
X —6.1 —6.01 -6.001 | -6 | =5.999 | -5.99 -5.9
f(x) | —0.1248 | —0.1250 | —0.1250 | ? | —0.1250 | —0.1250 | —0.1252
im Y07 =4 _ 01250 [ Actual limitis —.
x—>-6 x+6 8
X 1.9 1.99 1.999 | 2 | 2.001 2.01 2.1
f(x) | 0.1149 | 0.115 | 0.1111 | ? | 0.1111 | 0.1107 | 0.1075
lim XEED =23 gy Actual limit is .
x—2 x -2 9
X —0.1 —0.01 —0.001 | 0.001 0.01 0.1
f(x) | 1.9867 | 1.9999 | 2.0000 | 2.0000 | 1.9999 | 1.9867
. sin 2x s .
llII‘(l) =~ 2.0000  (Actual limit is 2.) (Make sure you use radian mode.)
xX— X
x 0.1 —0.01 —0.001 | 0.001 0.01 0.1
f(x) | 0.4950 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4950
. tanx R |
lim = 0.5000 Actual limit is —.
x—0 tan 2x 2
2
fx) ==
X
x 0.1 -0.01 —0.001 0 | 0.001 0.01 0.1
f(x) | 2000 | —2x10° | —2x10° | ? | 2x10° | 2x10% | 2000
As x approaches 0 from the left, the function decreases without bound. As x approaches 0 from the right,
the function increases without bound.
3]+
flx) ==
X
x 0.1 —0.01 —0.001 | 0 | 0.001 0.01 0.1
fx) | 30 300 3000 ? | 3000 300 30
As x approaches 0 from either side, the function increases without bound.
lim (4 - x) =1 > =2 .
x=3 25. lim does not exist.
x—=2 x —
lim sec x =1
x—0 ‘X - 2‘
For values of x to the left of 2, ( 2) = —1, whereas
X —
lirréf(x):lirri(4—x):2 5
) ‘ for values of x to the right of 2, (x — ) =1.
X —
lim f(x) = lim (x* + 3) = 4
26. ling 2 5 does not exist because the function increases
x5 x —
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27.

28.

29.

30.

Chapter 1 Limits and Their Properties

lin}) cos(1/x) does not exist because the function
x—

oscillates between —1 and 1 as x approaches 0.

lim tan x does not exist because the function increases
x—>r/2

without bound as x approaches % from the left and

. V3
decreases without bound as x approaches 3 from

the right.

(a) f(1)exists. The black dot at (1, 2) indicates that
7y =2
(b) lirr} f(x) does not exist. As x approaches 1 from the

left, f(x) approaches 3.5, whereas as x approaches
1 from the right, f(x) approaches 1.

(¢) f(4) does not exist. The hollow circle at (4, 2)
indicates that f is not defined at 4.

(d) lirr}‘ S (x) exists. As x approaches 4,
x—>

S (x) approaches 2: lirr}1 f(x) =2

(@) f(-2) does not exist. The vertical dotted line
indicates that 1 is not defined at —2.
(b) ]imz f(x) does not exist. As x approaches -2, the

values of f(x) do not approach a specific number.
(¢) f(0) exists. The black dot at (0, 4) indicates that
f(0) = 4.
(d )hil% f(x) does not exist. As x approaches 0 from the
left, f(x) approaches %, whereas as x approaches 0

from the right, f(x) approaches 4.

(e) f(2) does not exist. The hollow circle at (2, %)

indicates that f(2) is not defined.

(f) lirg S (x) exists. As x approaches 2,
x—

f(x) approaches 1: lim flx) =1
(g) f(4) exists. The black dot at (4, 2) indicates that
f(4) = 2.

(h) ljn}t f(x) does not exist. As x approaches 4, the

values of f(x) do not approach a specific number.

31.

32.

33.

34.

35s.

lim f(x)exists for all values of ¢ # 4.

X—=cC

lim f(x)exists for all values of ¢ # 7.

X—=cC

One possible answer is

Youneed | f(x) = 3| =|(x +1) - 3| =|x - 2| < 0.4,
So, take & = 0.4.If 0 <|x — 2| < 0.4,
then [x — 2| =|(x + 1) = 3| =| f(x) - 3| < 04,

as desired.
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Section 1.2 Finding Limits Graphically and Numerically 61

2-ox <0.01.Let5=L.If0 <\x—2\<i,then
1 101 101

36. You need ‘f(x) - 1‘ =‘;1 - 1‘ =‘
X —

—L<x—2<isl—i<x—l<l+L
101

101 101 101
100 102
> —<x-1l<—
101
100
=|x-1>—
101
and you have
1 2 — 1/101 1
| f(x) - 1| = ST el DO L) H VY
x—-1 x—1|  100/101 100
37. Youneed to find & such that 0 <|x — 1| < & implies 38. You need to find & such that 0 <|x — 1| < & implies
\f(x)—1\=1—1<0.1.Thatis, \f(x)—1\=2—1—1=1—1<g
X X X
1 1
-01<—-—-1<0.1 —e<—-1< ¢
X X
1 1
1-01< — <1+0.1 l-e< — <1+e¢
X X
9 1 11 1 1
—< - < — > x>
10 X 10 1-¢ 1+ ¢
&> b >Q ! -1>x-1> ! -1
9 11 1-¢ 1+¢
0 110 £ s x-1> ¢
11 1-¢ l+¢
1 . 0.05
§>x— >_ﬁ- For £ = 0.05, take 6 = ———— = 0.05.
1 - 0.05
1 . .
So take 0 = ﬁ.Then 0< ‘x - 1‘ < O implies For £ = 0.01, take & = 0.01 ~ 0.01.
1-0.01
1
TR For & = 0.005, take 8 = —2%_ _ 0,005.
1 - 0.005
—1—11 <x-1«< é As € decreases, so does ¢.

Using the first series of equivalent inequalities, you
obtain

- 1< 0.1.

1
X

[/(x) = 1] =
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62  Chapter 1 Limits and Their Properties

39. lim (3x +2) =3(2) +2=8 =L

@ |(3x+2)-8[< 001
|3x - 6] < 0.01
3|x - 2| < 0.01
0 <[|x—-2|< 2% ~00033 =46

So,if 0 <‘x - 2‘< J = %,youhave
3x - 2| < 0.01
|3x — 6] < 0.01
|(3x +2) - 8] < 0.01
| f(x) - L| < 001

(b) |(3x +2) - 8| < 0.005

|3x — 6| < 0.005
3|x — 2] < 0.005
0<|x-2|< 0005 _ 000167 = &
0.005

Finally, as in part (a), if 0 <|x — 2| < T

you have |(3x + 2) - 8| < 0.005.

x—6

(a) (6—;]—4

-
3

40. 1im(6—fj=6_9=4=L
3 3

< 0.01

< 0.01

L - 6)‘ < 0.01
|x — 6] < 0.03
0<|x-6/<003=0¢

So,if 0 <‘x - 6‘ < 6 = 0.03, you have

‘—%(x—6)‘< 0.01
‘2—f < 0.01
3
(6—")—4 < 0.01
3
| f(x) - L| < 0.01.

(b) (6 - g) — 4/ < 0.005

‘2—5 < 0.005
3

‘—%(x ~ 6)| < 0.005

|x — 6] < 0.015
0<|x-6/<0015=15

As in part (a), if 0 < ‘x - 6‘ < 0.015, you have

-5)-

41. m(xz—3)=22-3:1=L

< 0.005.

(a) ‘(xz -3)- 1\< 0.01
|x* - 4| < 001
|(x +2)(x - 2)| < 001

|x + 2[|x - 2| < 0.01

0.01
‘x + 2‘

‘x - 2‘ <
If youassume 1 < x < 3,then
J = 0.01/5 = 0.002.
So,if 0 < ‘x - 2‘ < 6 = 0.002, you have

1
5

(0.01) < ‘ﬁ(o.m)

|x — 2] < 0.002 =
|x +2||x - 2| < 0.01
|x* - 4| < 0.01
|(x* = 3) = 1 < 001
| f(x) - L| < 0.01.
) |(x* = 3) - 1| < 0.005
|x* — 4| < 0.005
|(x + 2)(x - 2)| < 0.005
|x + 2[|x - 2| < 0.005

0.005
‘x + 2‘

‘x—2‘<

Ifyou assume 1 < x < 3, then

0= &505 = 0.001.

Finally, as in part (a), if 0 < ‘x - 2‘ < 0.001,

you have \(x2 ~3) - 1\ < 0.005.
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Section 1.2 Finding Limits Graphically and Numerically 63

42. 1in1(x2+6) =4 +6=2=1L 43. linl(xz—x):l6—4:l2:L
(a) \(x2 +6) - 22\ < 001 (a) \(x2 ~x) - 12\ < 0.01
|x* - 16| < 0.01 |(x = 4)(x + 3)| < 0.01
|(x + 4)(x - 4)| < 0.01 |x — 4||x + 3| < 0.01
|x + 4]|x - 4| < 0.01 ‘x_4‘<‘0~01‘
x+3
x—af< 001
|x + 4| If you assume 3 < x < 5, then
If you assume 3 < x < 5, then o= % = 0.00125.
s =2 _ 600111 0.01
9 So,if 0 <‘x—4‘<T, you have
So,if 0 <‘x—4‘<§z%,youhave 0.01
‘x—4‘< 3
42 001 _ 001 [x+3]
[ - ‘<T<‘x+4‘ |x — 4]|x + 3| < 0.01
|(x + 4)(x — 4)| < 001 |x? = x - 12| < 0.01
|x* ~ 16| < 0.01 \(x2 ~x) - 12\ < 0.01
|(x* + 6) - 22| < 0.01 | /(x) - L] < 0.01
| f(x) - L| < 0.01. ®) |(x* = x) - 12| < 0.005
(b) |(x* +6) - 22| < 0.005 |(x — 4)(x + 3)| < 0.005
|x* = 16| < 0.005 |x — 4||x + 3| < 0.005
|(x = 4)(x + 4)| < 0.005 |x - 4] < ‘0-00;
x +
‘x - 4Hx + 4‘ < 0.005
If youassume 3 < x < 5, then
Ix - 4| < 205 0.005
|x + 4| 5 = = = 0.000625.
If you assume 3 < x < 5, then 0.005
0.005 Finally, as in part (a), if 0 <|x — 4| < ——,
5 = ——2 =~ 0.00056. 8
0.005 you have ‘(xz - x) - 12‘ < 0.005.
Finally, as in part (a), if 0 < ‘x - 4‘ < '9 ,

you have |(x* + 6) - 22| < 0.005.
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64  Chapter 1 Limits and Their Properties

4. lima® =3 =9=1
(a) |x* - 9| < 001
|(x = 3)(x + 3)| < 0.01

|x = 3||x + 3| < 0.01

0.01

‘x—3‘<
‘x+3‘

If you assume 2 < x < 4, then

0= g = 0.0014.

So, if 0 <‘x - 3‘ < g, you have
‘x B 3‘ < 0.01
‘x+3‘

|x = 3||x + 3| < 0.01

|x* - 9| < 001
| f(x) - L| < 0.01
(b) |x* - 9| < 0.005

|(x = 3)(x + 3)| < 0.005
|x = 3||x + 3| < 0.005

0.005

‘x—3‘<
‘x+3‘

If you assume 2 < x < 4, then

0.005

0= = 0.00071.

Finally, as in part (a), if 0 <|x — 3| <

have \xz - 9\ < 0.005.

45. lim(x +2) = 4+2=6

x—4
Given € > 0:
[(x+2)-6|<e

|x—4|<e=6

So, let & = &. So,if 0 <|x — 4| < & = ¢, youhave

‘x—4‘<8
(x+2)-6|<e
‘f(x)—L‘< £
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0.005

> you

46. lim (4x +5) = 4(=2) + 5 = -3

x—-2

Given £ > 0:

3

\(4x+5)—(—3)\<
|4x + 8| <

4|x + 2| <

Aoy & &

|x +2| <
So, let & = E.
4

So,if 0 <‘x + 2‘ <0 = %,youhave

|x +2|<
|4x + 8| <

|(4x + 5) — (-3)| <
| f(x) - L] < &

™ ™ onm

47. lim (lx - 1) =4 -1=33

x4 \2

Given £ > 0:

‘(%x—l)—(—3)‘<£

%x+2‘< £
%‘x—(—4)‘< £
|x = (-4)] < 2¢
So, let & = 2e.
So, if 0 <‘x - (—4)‘ < § = 2¢,you have
|x = (-4)] < 2¢
‘%x+2‘< £
‘(%x—l)+3‘<£

‘f(x) - L‘< €.



48.

49.

50.

lim (%x + 1) =33 +1=1

x—3 T
Given £ > 0:

3 _13

‘(4x+1) 4‘<.€

3 9

ZX—2‘<£
%‘x—3‘<£
\x—3\<§€

So, let 8 = %8.

So,if 0 <‘x - 3‘ <0 = %g,youhave

‘x—3‘<§8
%‘x—3‘<8
%x—%‘<£

|
‘(%x+l)—%‘<s
‘f(x)—L‘<£.

lim3 =3

x—6
Given € > 0:
3-3|<e
0<e
So, any ¢ > 0will work.

So, for any & > 0, you have

3-3|<e¢
‘f(x) —L‘< £
iy (1) =

Given £ > 0f-1 - (-1)| < &
0<e
So, any ¢ > 0will work.

So, for any & > 0, you have
(1) - (-D]< e
‘f(x) - L‘ < e

Section 1.2 Finding Limits Graphically and Numerically 65

51.

52.

53.

fim s =0
Given & > 0: |[I/x - 0| < ¢
<
x|< e =6
So, let & = &°.
So, for 0|x — 0|8 = &, you have
|x|< &
<
‘i/; - 0‘ < &
| f(x) - L|< &
lim /x = /4 =2
Given € > 0: ‘\/;—2‘<5
[Nx = 2f|Vx + 2] < eV + 2
|x - 4] < ]/x + 2|
Assuming 1 < x < 9, you can choose & = 3&. Then,
0<|x-4/<d=3=|x-4|< s‘\/;+2‘
:>‘\/; - 2‘< E.
lim [x = 5] =[(-5) - 5[ =[-10[ = 10

Given £ > 0: ||x - 5|-10[< £

—(x-=5)-10|< ¢ x—5<0

|~(x = 5) ~ 10| ( )
‘—x—5‘<£
‘x—(—S)‘<£

So, let 0 = €.
So for |x = (=5)| < & = &, you have
|~(x +3)|<
‘—(x—S)—10‘<g
|x—5]-10]< ¢
|f(x)-L|< e

(because x — 5 < 0)
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54.

5S.

56.

Chapter 1 Limits and Their Properties

lim |x - 3[=[3 - 3|= 0
Given € > 0:Hx—3‘—0‘< £
|x-3|<e
So, let 0 = €.
So, for 0 <‘x—3‘< 0 = &,you have
|x-3|<e

Hx—3\—0‘<€

‘f(x)—L‘< £

iig}(x2+l):12+1:2
Given € > 0: ‘(x2+1)—2‘<g
‘x2—1‘<8
‘(x+1)(x—1)‘<€
£

‘x—1‘<7
‘x+1‘

If you assume 0 < x < 2, then & = &/3.

Sofor 0 <|x-1|< 6 = g,youhave

\x—1\<%g<‘ﬁl‘£
‘xz —1‘< £
(2 +1)-2|< e
| f(x) - 2|< e

Jim, (3 +4x) = (47 + 44 = 0
Given £ > 0: ‘(xz + 4x) - 0‘ <&
|x(x + 4)| < €

x+ 4] < 5

x|

If you assume —5 < x < =3, then J = g
Sofor 0 <|x - (-4)|< 6 = %,youhave

\x+4\<—<l£
‘x(x+4)‘<€
‘(x2+4x)—0‘<8

‘f(x)—L‘< £

57.

58.

59.

60.

61.

I
N

lim f(x) = lim 4

X XD

lim f(x) = limx =7

X X

—-0.1667

The domain is [-5, 4) U (4, e). The graphing utility

does not show the hole at (4, %j

x -3
f(x)_x2—4x+3
. 1
fim /() = 5

4
,3\_\_\_\_\_‘ LS

—4

The domain is all x # 1, 3. The graphing utility does not

show the hole at [3, %j

C(t) =999 = 0.79[1 — t],t > 0

(@) C(10.75) = 9.99 — 0.791 - 10.75]
= 9.99 — 0.79(-10)
= $17.89

C(10.75) represents the cost of a 10-minute,

45-second call.
(b)

0 . . . . . -6

(c) The limit does not exist because the limits from the
left and right are not equal.
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62. C(t) = 579 — 0.99[1 - (], > 0

63.

64.

65.

66.

67.

70.

(@) C(10.75) = 5.79 — 0.991 — 10.75]
= 5.79 - 0.99(-10)
$15.69

C(10.75) represents the cost of a 10-minute,

45-second call.

(b) 12

(c) The limit does not exist because the limits from the
left and right are not equal.

Choosing a smaller positive value of ¢ will still satisfy

the inequality ‘f(x) - L‘ < e

In the definition of lim f(x), f must be defined on both
xX—=c

sides of ¢, but does not have to be defined at c itself. The
value of f"at ¢ has no bearing on the limit as x approaches c.

No. The fact that f(2) = 4 has no bearing on the

existence of the limit of f(x) as x approaches 2.

No. The fact that lim2 f(x) = 4 has no bearing on the
value of f at 2.

(a) C =2nr
r:£:i=§:0.9549cm
2w 2r V.4
5.5
(b) When C = 5.5:r = — = 0.87535cm
2r
6.5
When C = 6.5:r = — = 1.03451 cm
2r

So 0.87535 < r < 1.03451.
() lim (22r) = 6;& = 05,6 = 0.0796
x=3/r

£(x) = ‘x + 1‘—‘x - 1‘

X

x -1]-05]-01|0 0.1 05110

fx) | 2 2 2 Undef. | 2 2 2

lim f(x) = 2

x>0
Note that for

—l<x<1,x¢0,f(x)=w=2.

X

4
68. V = gﬂr3,V = 2.48

(a) 2.48

P o=

0

r

(b) 2.45
2.45

0.5849
0.8363

(c) For ¢ =

fﬂr3
3

186
T
0.8397 in.

<

<

IN

<

V<251
ﬂ7z'r3£ 2.51
3

},3

IN

0.5992

r < 0.8431
2.51 — 2.48 = 0.03,5 = 0.003

69. f(x)=(1+x)"

lim (1 + %) = e ~ 271828

v

x S x S

0.1 2.867972 0.1 2.593742
—-0.01 2.731999 0.01 2.704814
—0.001 2.719642 0.001 2.716942
—0.0001 2.718418 0.0001 2.718146
—0.00001 2.718295 0.00001 2.718268
—0.000001 | 2.718283 0.000001 | 2.718280
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71. 0.002 76. False. Let
(1,999, 0.001)
\/(2.()01.0.0(”) f(x) _ x—4, x #2
- 0, x=2

lim f(x) = lirr;(x—4) =2and f(2) =0#2

18 2002 ¥ 52
Using the zoom and trace feature, 6 = 0.001. So 77. f(x) = Vx

(2 - 6,2+ 5) = (1.999, 2.001). lim 7 = 053 e

Note: );2__ 4 =x+ 2for x # 2. As x approaches 0.25 = ifrom either side,

f(x) = /x approaches % =0.5.

72. (a) lim f(x)exists forall ¢ # 3.
(b) lim f(x)exists forall ¢ # -2, 0. 78. f(x) = Vx
xX—c
lin}) Jx = 0is false.

73. False. The existence or nonexistence of f(x)at x = ¢ . .
. . O f(x) = /x is not defined on an open interval
has no bearing on the existence of the limit

of f(x)asx — ¢ containing 0 because the domain of f isx > 0.

79. Using a graphing utility, you see that

74. True .
. sinx
lim =1
75. False. Let x20  x
1) = x—4 x#2 lim sin 2x _ 2, etc.
= x—
0, x=2 Y
So, lim s n
f(2) =0 x50 X
ll_)n% f(x) = ll_)n% (x-4)=2=0 80. Using a graphing utility, you see that
lim tan x -
x—=0 x
lim tan 2x =2, etc
x—=0 X
t
So, lim 220%) _
x—=0 X

81. If lim f(x) = Lyand lim f(x) = L,, then for every & > 0, there exists 6, > Oand J, > 0such that
|x —c|< 6 = ‘f(x) - Ll‘ <eéeand |[x —¢|< 6, = ‘f(x) - Lz‘ < &.Let 6 equal the smaller of & and &,. Then for
|x — ¢|< &, youhave |L; — L, | =‘L] - f(x)+ f(x) - Lz‘ < ‘Ll - f(x)‘+‘f(x) - Lz‘ < & + &. Therefore,

‘Ll - Lz‘ < 2¢&.Since € > 0 is arbitrary, it follows that L, = L,.

82. f(x) = mx + b,m # 0.Let £ > 0 be given. 83. lim [ f(x) — L] = 0means that for every £ > 0
Take § = £ t;;e exists & > Osuch thatif 0 <|x — ¢|< &,
‘m‘ then
If0<‘x—c‘<§=‘%,then (f(0) - 1) - 0| < &
|m||x - c|< & This means the same as | f(x) — L| < & when

‘mx—mc‘<€ 0<‘x—c‘<5.
Ons + 1)~ (e + )] < ¢ So. lim /(2) - L.
x—c

which shows that lim (mx + b) = mc + b.

x—c
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1
84. (a) (3x + D)(3x —Dx? +0.01 = (9x — )x* + —
(@ (Bx+1)(3x—-1x (x )x 100

=0xt —x?+—

= ﬁ(mx2 - 1)(90x2 - 1)

So, (3x + 1)(3x — 1)x® + 0.01 > 0if

10x> =1 < 0 and 90x*> — 1 < 0.

1 1
Let (a,b) = | ———, —|.
( ) ( V90 90)
Forall x # 0in (a, b), the graph is positive.
You can verify this with a graphing utility.
(b) Youare given lim g(x) = L > 0.Let £ = %L.

There exists & > Osuch that 0 < ‘x — c‘ <0

implies that ‘g(x) - L‘ <€ = % That is,

L L
-— < -L<—
7 < 8() 2
L 3L
5 g(x) 5

For x in the interval (¢ — &, ¢ + 6), x # ¢, you

have g(x) > % > 0, as desired.

Section 1.3 Evaluating Limits Analytically

1. For polynomial functions p(x), substitute ¢ for x, and
simplify.
. An indeterminant form is obtained when evaluating a

limit using direct substitution produces a meaningless
fractional expression such as 0/0. That is,

im Lx)
S g()

for which lim f(x) = lim g(x) = 0

x—c x—c

. If a function f is squeezed between two functions 4 and
g h(x) £ f(x) < g(x), and / and g have the same limit

Las x — c, then lim f(x)exists and equals L
X—c

8s.

86.

Section 1.3 Evaluating Limits Analytically 69

The radius OP has a length equal to the altitude z of the

triangle plus g So,z=1- g

Area triangle = lb(l - ﬁj
2 2

Area rectangle = bh

Because these are equal,

P
lb[l—ﬁjzbh
2 2
1—ﬁ=2h
2 h 0
Sh=1
2 b
=2,
5

Consider a cross section of the cone, where EF is a
diagonal of the inscribed cube. AD = 3, BC = 2.

Let x be the length of a side of the cube.
Then EF = x</2.

By similar triangles, A
EF _ 4G
BC 4D

x\/§_3—x E G \F
2 3

Solving for x,
3W2x = 6 - 2x

(3\/3 + 2)x =6

6 92 -6
x = = = 0.96.
32 +2 7
i sinx _ |
x—=0 x
.l —cosx
lim =
x=0 X

L limxd =28 =38

x—=2

lim x* = (-3)" = 81

lim (2x +5) = 2(-3) +5 = -1

x—-3

. lim (4x —1) = 4(9) =1 =36 — 1 = 35

x—9

lim (x* +3x) = (-3)" +3(-3) =9-9=0

x—-3
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

37.

Chapter 1 Limits and Their Properties

lim (—x* +1) = (=2)' +1=-8+1=-7

x—2

lim (20 +4x +1) = 2(=3)" + 4(-3) + 1
=18-12+1=7
lim (2" — 6x +5) = 201y - 6(1) + 5

=2-6+5=1

lin;x/x+8 =3+8 =11

lim J2x +3 = 3/12(2) + 3
=3/24+3=3/27=3

lim (1-x) =[1-(-4)] =5 =125

x—-4

lim (3x - 2" =(30)-2)" = (-2)* =16
. 3 3 3
lim = ==
=22x 41 22)+1 5
. 5 5
lim = =—
=SSy +3 -5+3 2
im—t_=-_1 __1
—>ix>+4 1P+4 5
i3S 3045 _3+5 8,
=1 x + 1 1+1 2 2
. 3x 3(7) 21
lim = =— =17
I x+2 0 N7+ 2 3
. x+6 3+6 9 3
lim = =— ==
>3 x + 2 342 5 5
(a) 11:r}f(x):5—1:4
H — A3 _—
(b) )l(lir}; g(x) =4 =64
(© lim g(/(x)) = g(/(1) = g(4) = 64
lim f(x) = 2, lim g(x) = 2
(@) lim [Sg(x)] = 5 lim g(x) = 5(2) = 10
. . 2 12
(b) lim [f(x) + g(x)] = lim f(x) + lim g(x) = 3 +2 = <
. . . 2
0 6] - ] ] - 20 -
lim £ (x)
) fim 7 Sxme? 025 1
xe g(x)  lim g(x) 2 5
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

(@ lim f(x) = (-3) +7 = 4

(b) lirr}‘ glx)y=4 =16

© lim g(/(x) = g(4) = 16

(@ lim f(x) =4 -1=

(b) 1im3g(x)= 3+1=2

© tim g(f(x)) = g(3) = 2

(@) lim f(x) =2 42)-34)+1=21

(b) lim g(x)=3/21+6 =3

() lim g(f(x)) = g(21) =3
lim sin x = sin = = 1

x—=7x/2 2

limtan x = tanz = 0

XD
. X T 1
lim cos — = cos — = —
x—1 3 3 2
oo .72 . ox 1
lim sin — = sin =sin— = —
x—2 12 12 6 2
lim sec 2x = sec0 =1
x—>0
lim cos 3x = cos 37z = -1
X
. . Y 1 1
lim sin x = sin— = —
x—57/6 6 2
. hY/4 1
lim cosx = cos— = —
x—57/3 3
. X r
lim tan| — | = tan — = —1
x—3 4

-2/3

. Tx i
lim sec|] — | = sec — =
x—7 6 6 3




Section 1.3 Evaluating Limits Analytically 71

3

38. lim f(x) = 2, lim g(x) = 2

x—c

(@ lim[4f(x)] = 4lim f(x) = 42) = 8

) T [/(x) + g(x)] = lim f(x) + lim g(x) = 2+ > =
. . . 3) 3
© tim [ (9eo] = [im 1) [im 0] = 23] = 3
A1 N T |
@ M) T lmel) T @) 3
39. )1(11)11 f(-x) =16 1. f(x) _ x4 _25x2 _ xz(xzz_ 5) and g(x) — x2 -5
X X
(a) lllgi [f(x)]z = [ll_)ﬁi f(x)}2 = (16)2 = 256 agree exceptat x = 0.
() lim \[7(x) = flim f(x) = /16 = 4 fim £(x) = lim g(x) = lim (" = 5) = 0% =5 = =5
(© lim[3/(x)] = 3[1@ f(x)] = 3(16) = 48 o r .

@ lim [/()]** = [lim f(x)]"* = (16)" = 64 \ /

-6

40. lim f(x) = 27

. - 21 x+Dx-1

lim 3 =31 =327 =3 43. - - d —x-1
(a) lim \/f(x) 3/ lim f(x) f(x) T T and g(x) = x
) 1im () ) )1(1_)nl f(x) 27 3 agree exceptat x = —1.

e 18 lim18 18 2 lim f(x) = lim g(x) = lim (x —1) = -1 -1 = -2

3

(© lim[f(x)] = [lim f(x)T = (27 = 729

x—c¢ X—c

@ tim [£()]"" = [tim f(x)]m =@ =9 v

—4

=

x2 +3x  x(x +3)
41. f(x) = = and g(x) = x +3 )
X X 44, f(x)=3x + 5x 2:(x+2)(3x Dand
agree except at x = 0. x+2 x+2

g(x) = 3x — lagree exceptat x = —2.

lim f(x) = lim g(x) = lim (x +3) =0 +3 =3

: lim ) = Jim ) = fim, (55 -
=3(-2)-1=-7
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45.

46.

52.

53.

54.

SS.

56.

Chapter 1 Limits and Their Properties
ESl =x?+2x+4 47. lim lim —lim—1 -
f(x) = —-an g(x) = x* + 2x + 4 agree except ',Hoxz—x_xaox(x—l)_Hox—l_O—l
at x = 2.
. . L, I - x?
ll_)mzf(x)—ll_)ng(x)—)lcl_)n;(x +2x+4) 48. l{% . =l1£)r})(7x2—x)—0—0
=22 4202 +4=12
2 49, lim =% _ x4
x4 x2 =16 x4 (x + 4)(x — 4)
/ . 1 1 1
= lim = = —
—4x+4 4+4 8
-9 9
0 — —
50. lim =% = fim ——* —9)
\ x=5 x2 =25 x5 (x = 5)(x +5)
f(x):x +11 and g(x) = x* — x + 1 agree except at i -1 -1
= lim = = ——
s>Sx+5 545
x =-1
xli_)nzl f(x) =<“li_)1*1_1l g(x) =X1i_)n_11 (x2 —x+1) 51, lim xz-:x—6 ~ fim (x+3)(x-2)
x>-3 0 x* =9 =3 (x + 3)(x = 3)
= (-1 -(-)+1=3
. oox—=2 =3-2 =5
7 = lim = =—
\ ->3x-3 -3-3 -6
-4 4
-1
2 - -2)(x+ 4
lim 2= 2 8 _ i A+ 9)
x>2 xt —x =2 =2 (x = 2)(x + 1)
=1imx+4=2+4=§=2
=2 x + 1 2+1 3
. o Nx+5-3 .o Nx+5-3 ~Nx+5+3
lim = lim .
x4 x — 4 =4 x—4 Nx+5+3
T o) e | - .1
S (x—4)Vr+5+3) otV +5 43 Jo+3 6
lim\/x+1_2—lim\/x+1_2-\/x+1+2—1im x -3
=3 x—=3 =23 x—3 Jr+1+2 )H3(x—3)|:\/m+2}
. 1 1 1
= lim = =—
=3ifx+142 Ja+2 4
_ Nx+5-45  x+5-5 x+5+-5
lim = lim .
x—=0 X x—0 X \/x+5+\/§
RS EE R 1 1 1 ASs
x—>0x(\/x+5+\/§) =0 x+5+5 S5+-5 25 10
. 2+x -2 N2+ x -2 2ex+ 2
lim ———— — = lim .
x—0 X x—0 X \/2+x+\/5
g 2tx-2 1 B 1 12
2024 x +V2x 02 ex e V2 V2 V2 2 4
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1 1
57 lm 3% 3 _ oG - mlim—— - L1
x>0 X =0 3+ x)3(x) =03+ x)(3)(x) —=0(3+x)3 (33 9
1 B l 4 - (X + 4)
58, lm Xt 4 4 _ g At
x—0 X x—0 X
. -1 -1 1
=lim——m = — = ——
x=0 4(x + 4) 4(4) 16
59 1imw: lim 2Xt2Ax - 2x L 2Ax L5,
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
) (x+Ax)2—x2 ) x2+2xAx+(Ax)2—x2 . Ax(2x + Ax) )
60. lim ~———— = lim = lim ———— = lim (2x + Ax) = 2x
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
(A -2 A) - (¥ =204 1) x4 2xAv 4 (AY)) - 2x — 2Ax + 1 — x% + 2x — |
61. lim = lim
Ax—0 Ax A0 Ax
= lim (2x+Ax—2)=2x—2
Ax—0
303 3 2 2 303
62 lim (x + Ax)” — x — lim ¥ + 3x%Ax + 3x(Ax)” + (Ax) - x
Ax—0 Ax Ax—0 Ax
A(3x + 3xAx + (Av)’) ,
= lim = lim (3¢ + 3xAx + (Ax)’) = 347
Ax—0 Ax Ax—0
. . . 2 .
63. lim "2~ = lim (Sm x](l) - (1)[% -1 67. lim =~ = lim [S‘n % sin x} = (1)sin0 =0
x>0 Sx x>0 X 5 5 5 x—=0  x x—0 X
_ 3(l-cosx) (1 - cos x) . tan’x . osinx . fsinx  sinx
64. )1(133) N =m [3[ . =(3)0) =0 68. 112(1) x 112(1) x cos’ x )lrli% X  cos’x
= (1)(0) = 0
. |- . _
6. hn}) (sin x)( : Cos X) _ lin}) [sm x 1-cos x} i
x— X x— X X — —
69. lim M = lim ﬂ(l — cos h)
= (1)(0) =0 h—0 h h—0 h
. = (0)(0) =0
66. lim cos @ tan 6 — lim sin @ -
o0 0 -0 0 70. lim gsecg = 7(-1) = -7
/1
1. lim6—6c0sx _ 6 —6cos0 _ 6 -6 -0
x—0 3 3 3
72. lim cosx —sinx — 1 -~ lim —sin x + lim cosx — 1
x—0 2x x>0  2x x—0 2x
__l smx_lli 1 - cosx
2 x=0 x 2 x—0 X
1 1 1
= ——(1) = =(0) = -
- Lo =
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. sin 3t . (sin3¢)3 3 3 i i
73. lim = hm( ](7J = (1)(7J =2 74. lim Sl.Il 2x = fim | of ST 2x )1 .3x
=0 2t o0 3t A2 2 2 x>0 gin 3x  x—0 2x A3 ) sin3x
1 2
=2()=|(1) ==
030 -3
75. f(x) = Nit2-2
X
x 0.1 -0.01 | -0.001 | 0 | 0.001 | 0.01 0.1
f(x) | 0358 | 0.354 | 0354 ? |1 0354 | 0353 | 0.349
It appears that the limit is 0.354.
2
f—
-3 3
—2
The graph has a hole at x = 0.
. . x+2-2  Nx+2-2 Jx+2+2
Analytically, lim ————— = lim .
X0 X x=0 X Jx+2+2
mlim—2t272 gy ! _ L2 g
x*ox(\/x+2+\/§) =0x+ 2442 22 4
4 —/x
76. f(x) =
f( ) x —16
X 15.9 15.99 15999 | 16 | 16.001 | 16.01 16.1

f(®) | -0.1252 | —0.125 | -0.125 | ? —0.125 | -0.125 | —0.1248

It appears that the limit is —0.125.

1

-1

The graph has a hole at x = 16.

- 4 —Jx _
Analytically, lim 4-x = lim ( ) = lim ! !

Si6 x — 16 x>16 (\/; + 4)(\/; _ 4) 16 /x + 4 - 8
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1
77. f(x) = 2XX 2
x
b —0.1 —0.01 -0.001 | 0 | 0.001 0.01 0.1
fx) | -0.263 | —0.251 | —0.250 | ? | —0.250 | —0.249 | —0.238
It appears that the limit is —0.250.
3
-5 ’_JE K/—"— !
I -2
The graph has a hole at x = 0.
1 1
T 2-(2+ - -
Analytically, lim 2+X 2 — Jim 2@y 1o L b1
x>0 X =0 2(24x) x  x2022+x) x 2022+ x) 4
5 _
78, f(x) = * 32
x =2
X 1.9 1.99 1.999 1.9999 | 2.0 | 2.0001 | 2.001 2.01 2.1
fx) | 72.39 79.20 | 79.92 | 79.99 ? 80.01 80.08 80.80 | 88.41

It appears that the limit is 80.

100

/

-25

The graph has a hole at x = 2.

5 _ x = 2)(x* +2x° + 4x? + 8x + 16
Analytically, Tim =52 = fim (=2 ) = lim (x* + 22" + 4x% + 8x + 16) = 80.
x>2 x —2 x—2 x -2 x—2
(Hint: Use long division to factor x° — 32.)
7. /(1) = 2 3
t -0.1 | -0.01 -0.001 |0 | 0.001 | 0.01 0.1
f(@® | 296 | 2996 |3 713 2.9996 | 2.96
It appears that the limit is 3.
4
—2r [T A"v' U"\ wTant| 27
-1
The graph has a hole at ¢ = 0.
. . sin 3¢ . sin 3¢
Analytically, }eré —— }eré 3( 3 ) =3(1) = 3.

75
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cosx — 1
2x2

80. f(x) =

X -1 —0.1 —0.01 | 0.01 0.1 1

f(x) | —0.2298 | —0.2498 | —0.25 | —0.25 | —0.2498 | —0.2298

It appears that the limit is —0.25.

1

-1

The graph has a hole at x = 0.

. cosx —1 cosx+1 cos? x — 1 —sin®x sin? x -1

Analytically, — = — = — =—=
2x cosx +1 2x*(cosx +1)  2x*(cos x + 1) x 2(cos x + 1)

- B B
lim |22 X ! = 1[ 1] -1 oos
=0 x2 2(cos x + 1) 4 4

sin x?
81. f(x) =
X
X -0.1 -0.01 | —=0.001 | 0 | 0.001 | 0.01 | 0.1

f(x) | —0.099998 | —0.01 [ —0.001 | ? | 0.001 | 0.01 | 0.099998

It appears that the limit is 0.

1
/\ The graph has a hole at x = 0.
_on #Tﬁ'.rhl;'h]l[ﬂ I'llllﬁui.lllw on ., o,
v Analytically, lim > = lim x[smzx j =0(1) = 0

x—0 X x—0 X
-1
sin x
82. f(x) = ﬁ

X -0.1 —-0.01 —-0.001 | 0 | 0.001 | 0.01 0.1
f(x) | 0.215 | 0.0464 | 0.01 ? 1 0.01 0.0464 | 0.215

It appears that the limit is 0.

2

The graph has a hole at x = 0.

Analytically, lim “2= = lim 3/? [SI“JJ = (0)(1) = o.
x—

\3/; x—0 X

- lim 3(r+Ax) -2 -(3x-2) _ g 33 -2-3x+2 . 3Av

Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0 Ax

=3
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84. f(x) =—-6x+3
flx+ Ax) - f(x) _ i [-6(x + Ax) + 3] = [-6x + 3]

. —=6x —6Ax +3+ 6x -3
m

lim =l
Ar—0 Ax x50 Ax Ar—0 Ax
= lim —— = lim (-6) = -6
Ax—>0 Ax—>0

85. f(x) = x* — 4x

2
. f(x+Ax)—f() . (X+AX) —4(x+Ax)—(x2—4x) X2+ 2xAx + Ax? — 4x — 4Ax — X2 + 4x
lim = lim = lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax
. Ax(2x + Ax - 4) .
= lim ———— = = lim 2x+ Ax —4) =2x - 4
Ax—0 Ax Ax—0

86. f(x) =3x* +1

[30e + a0 +1] = [3¢° +1] (3% + 6xAx + 1) — (352 + 1)

m LAY - ()

li = lim = lim
Ax—0 Ax Ax—0 Ax Ax—0 Ax
= llm%: lim 6x = 6x
Ax—0  Ax Ax—0
87. f(x) = 2</x
1imf(x+Ax)_f()_lm24x+Ax—2\/;_limz( x+Ax_\/;).\/X+Ax+\/;
Ax—0 Ax Ar—0 Ax Ar—0 Ax Ix + Ax + Ux
i 2(x + Ax — x) i 2Ax
= lim = 1um
Ax=0 Ax(\/x + Ax + \/;) Ax—0 Ax(m + \/;)
= lim 2 =2 1w
a0 Jx + Av +x 24x x
88. f(x) =~/x-5
(R A B Rtk Rk Nkl DUy v N Ny R RVE:
Ax—0 Ax Ax—0 Ax Ax—0 Ax Jx + Ax + x
. (x+Ax) —x ) Ax
= lim = lim
SO0 A Ax + Jx) 0 (e r A+ )
= lim ! -
a0 Jx + Ar +/x  2</x
89. f(x) = !
’ x+3
1
limf(x+Ax)_f(x)=limx+Ax+3 X+3:1imx+3_(x+Ax+3)_L
Ar—0 Ax Ar—0 Ax a=0 (x + Ax + 3)(x +3)  Ax
= lim —Ax = lim -1 —

A0 (x4 Ax 4 3)(x + 3)Ax a0 (x + Ax 4+ 3)(x +3)  (x +3)°
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1
9. f(x) = —
x
1 1 ,
- 2 2 2 _
i LA SC) o G AYT X (kA (x+fx)
Av—0 Ax Ax—0 Ax A0 x2(x + Ax) Ax
2 = 2% + 2xAx + (Av)? ] ~2xAx - (Ax)’
= lim = lim ———
Ax—0 ¥ (x + Ax)*Ax A0 x*(x + Ax)*Ax
N S T
a0 x2(x + Ax)? xt X’
i -x*) <l < li : 94. =
91 112}) (4 x ) 113}) f(x) 112(1) (3 + x ) f(x) =|x|cos x

N

lim ‘x‘cos x=0
x—0

6
i <
Therefore, hn%) f(x) = 4. —2n M
6

92. lim [b —|x — al] < lim f(x) < lim [b +|x - a] -
b < lim /() < b 95. f(x) = xsin
X

Therefore, lim f(x) = b. 05

93. f(x) =|x|sin x 05

0.5

6

- N - 96. f(x) = xcos 1
x

-6 0.5

I oo
lirr(l)‘x‘sinx:O >\,{f/ xlil}) xcos; =
x% -0.5

0.5

/

N
g
=
@,
=

= |

Ne—
l

-0.5

97. (a) Two functions f and g agree at all but one point (on an open interval) if f (x) = g(x) for all x in the
interval except for x = ¢, where c is in the interval.

2 p— p—
(b) f(x) _ );_ 11 _ (x +xl)fx1 1)

(Other answers possible.)

and g(x) = x + 1 agree at all points except x = 1.

98. Answers will vary. Sample answers:

(a) linear: f(x) = %x; 113}1; %x = %(8) =4
(b) polynomial of degree 2: f(x) = x* — 60; hrr; (x2 - 60) =8 -60 = 4
(c) rational: f(x) = s il 8 = % =4

; lim =
2x — 14 x>52x — 14 2(8) — 14
(d) radical: f(x) = ~/x + 8; liné Jx+8=+/8+8 =

(e) cosine: f(x) = 4 cos(7x); lirrflg 4 cos (mx) = 4cos 8w = 4(1) = 4

>
X

oo
B
(o)}
Il
N

r V.4 V4
f) sine: f(x) = 4 sin| —x |; lim 4 sin| —x | = 4sin — = 4(1) = 4
) f() (16] [16) 2 ()

x—8
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When the x-values are “close to” 0 the magnitude of f
is approximately equal to the magnitude of g. So,
‘g‘/‘f‘ = 1 when x is “close to” 0.

100. (a) Use the dividing out technique because the

numerator and denominator have a common factor.

(b) Use the rationalizing technique because the
numerator involves a radical expression.

500 55

102. s(7) = —16/> + 500 = Owhen ¢ = , [>— =

16 2
[5\/3
S

sec. The velocity at time a =

2 J_ (1) o O- (~16> + 500

Section 1.3 Evaluating Limits Analytically 79

101. s(t) = —16:> + 500

_ ~16(2)* + 500 — (~16£2 + 500
im S@) =80 (2) ( )
-2 2 —t 12 2—t
. 436 + 161> — 500
=lim——M——
t—2 2 —t
16(£2 — 4
i 67— 4)
=2 2 —t
- i 16(¢ — 2)(¢ + 2)
t—2 2 —t

= lim —16(¢ + 2) = —64 fi/sec
t—>2

The paint can is falling at about 64 feet/second.

55 .

1s
2

im ———=— = lim
SN RUIINENC
2 , ! 2 !
16(1‘2 - E)
= lim . 4)
[sﬁ] 55
2
16[t . Sﬁ][t 55
li 2
= lim
SR
> ==
2
= lim {—16[1 + S\f]:l = —80\/3 ft/sec
5+/5
t—

=~ —178.9 ft/sec.

The velocity of the paint can when it hits the ground is about 178.9 ft/sec.

103. s(1) = —4.97 + 200

_ —4.9(3)> + 200 — (=4.9¢2 + 200
limM = lim ( ) ( )
t—3 3 -t t—3 33—t

49(£2 -9
= lim ( )
t—>3 33—t
49(r —
i B =343
t—3 3 -t
= lim [-4.9(r + 3)]
= -29.4 m/sec

The object is falling about 29.4 m/sec.
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104.

105.

106.

107.

108.

109.

Chapter 1 Limits and Their Properties

—4.9t2 + 200 = O when ¢ = 200 = 2075 sec. The velocity at time a = Mis
49 7 7
s(a) — sz 0 —|—4.9¢% + 200
o S@) = s) 0] ]
t—a a—t t—a a—t
4. -
= i F ) - a)
t—a a—1
= lim {—4.9[! + 20\/5]} = —28/5 m/sec
20-/5 7
7
=~ —62.6 m/sec.

The velocity of the object when it hits the ground is about 62.6 m/sec.

Let f(x) = 1/xand g(x) = -1/ x. lll)‘[‘(l) f(x) and lll)‘[‘(l) g(x) do not exist. However,

lim [f(x) + g(x)] = lim {1 + (—lﬂ = lim [0] = 0 and therefore does not exist.

X x—0

Suppose, on the contrary, that lim g(x) exists. Then, 110. Given lim f(x) =
x—c¢ x—c¢
because lim f/(x) exists, so would lim [ f(x) + g(x)], For every £ > 0, there exists & > 0 such that
x—c x—c
which is a contradiction. So, lim g(x) does not exist. ‘f(x) - 0‘ < & whenever 0 <|x — ¢|< 6.
X—C

N -0|= = - 0| < &fi
Given f(x) = b, show that for every & > 0 there exists ow‘f(x) ‘ ‘f(x)‘ H f(x)‘ ‘ err

‘x - c‘ < 6. Therefore, lim ‘f(x)‘ = 0.
a 0 > Osuch that ‘f(x) - b‘ < & whenever e

|x —¢|< 5.Because‘f(x)—b‘z‘.b—b‘z0<€f0r 11 —M‘f(x)‘<f (x) < Mf(x)‘
every € > 0, any value of & > 0 will work.
tim (=M /(x)]) < lim [£(x)g()] < lim (M /(x)])

Given f(x) = x", n is a positive integer, then e X.H ‘ o
-M(0) < lim [f(x)g(x)] < M(0)
lim x" = lim (xx"'l) X,H(
x—c x—c 0< )I(L)ITE [f(x)g(x)] <0
_ : : n—=1| _ 3 n—2
- thi x] [chLnl * } B CLhemv (xx )] Therefore, lim [ f (x)g(x)] =0.
= c[lim x} [lim x"'z] = ¢(c)lim (xx""3)
e e e 112. () If hm ‘f x)‘ 0, then hm[ ‘f(x)u = 0.
= ve. = C".
-\f x| < f(x) <[ ()
If b = 0, the property is true because both sides are i < <1
equalto 0. If b # 0, let £ > 0 be given. Because VILI}[ )H =0 f( ) :Tp‘f(x)
;lcliri f(x) = L, there exists & > 0such that 0 < lim f(x) <
| f(x) = L| < &/|b| whenever 0 <|x — c| < &.So, Therefore, lim f(x) = 0
whenever 0 <|x — ¢| < &, we have (b) Given lim f(x) = L
\be(x) - L‘ < & or ‘bf(x) - bL‘ <& For every £ > 0, there exists d > 0 such that
which implies that lim [f(x)] = bL. |/(x) = L| < & whenever 0 < |x — ¢| < &.Since
x—=c

Hf(x)‘—‘LH S‘f(x) - L‘ < efor [x - c|< 6,

then lim | f(x)| =|L|.
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114.

115.

116.

117.

118.

119.

120.

) = 4, ifx>0
T =0 ifr <o

i |6 = tiy 4 = .

1l
|
N

lin}) f(x) does not exist because for x < 0, f(x)

and for x 2 0, f(x) = 4.

The graphing utility was set in degree mode, instead of
radian mode.

The limit does not exist because the function approaches
1 from the right side of 0 and approaches —1 from the
left side of 0.

2

-3 3
-2
False. lim smx 2 =0
e ' T
True.
False. Let
x x#1
x) = , c¢=1
f( ) {3 x =1

Then lin} f(x) =1but f(1) # 1.
False. The limit does not exist because f(x) approaches

3 from the left side of 2 and approaches 0 from the right
side of 2.

4

False. Let f(x) = %xz and g(x) = x%.
Then f(x) < g(x)forall x # 0.But

iy ) = Jim g = 0

Section 1.3 Evaluating Limits Analytically 81

121.

122.

123.

fim 2295 _ i

x—=0 X x—=0 X

l—cosx 1+ cosx

1+ cosx

1 — cos’x sin’x

et x(1 + cos x) ] x(1 + cos x)

. sinx sin x
= lim .

x—0 x

1+ cos x

.osinx||,. sin x
= | lim lim
=0 x x=0 1+ cos x

= (1)) =0

0, 1ifx is rational
1, ifx is irrational
if x is rational
x, ifx is irrational
)1(13(1) f(x) does not exist.

No matter how “close to” 0 x is, there are still an infinite
number of rational and irrational numbers so that

lim f(x) does not exist.

x—=0

im0 =0

when x is “close to” 0, both parts of the function are
“close to” 0.

secx — 1

) = =73

X
(a) The domainof f isall x # 0, 7/2 + nrx.

(b) 2

Tl
-2

The domain is not obvious. The hole at x = 0 is not

apparent.

w0
Sl

g

1
I -1
(© lim f(x) 5
secx—1 secx—1 secx+1 sec? x —1
(d 2 2 =2
X X secx+1  x*(secx+1)
tan’x 1 (Sinzx\ 1
x*(sec x +1) cos2xk x2 Jsec x+1
_ in2
So, Tim secx — 1 - lim 1 (sm x\ 1
=0 x2 x>0 coszxk x2 Jsec x+1

Il
—
—
—
~
N
N | =
N
Il
N | —

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



82  Chapter 1 Limits and Their Properties

. 1= 1= 1+ b) From part (a),
124, (3) lim czos L 0205 x cos x (b) part (a)
x—0 X x>0 X 1 + cos x 1-cosx 1
—— == = 1 - cosx
1 — cos®x X 2
= lim ————— 1
=0 x*(1 + cos x) =~ —x? = cos x
- 2
. sin“x 1
= lim —_— 1,
x=0 x> 1+ cosx = I_Ex for x

- (1)&] - % = 0.

(©) cos(0.1) ~ 1 - %(0.1)2 = 0.995

0

(d) cos(0.1) = 0.9950, which agrees with part (c).

Section 1.4 Continuity and One-Sided Limits

1. A function f'is continuous at a point ¢ if there is no 8. (2 lim f(x)=3
interruption of the graph at c. x—-3*
(b) lim f(x) =3
2. ¢ = ~lbecause lim 2v/x +1=2/-1+1=0 P )
x—-1

(©) lim3 f(x)=3
3. The limit exists because the limit from the left and the )

limit from the right and equivalent. The function is NOT continuous at x = —3 because

f(-3) =4 = 1i_>n_13 f(x).

4. If fis continuous on a close interval [a, b] and
f(a) # f(b), then ftakes on all values between 9. (@ lim f (x) = -3
x—>2

f(a) andf(b). (b) lim f(x) =3
x—27 ’

5. (@) YlirilJr flx)=3 (c) lirg f(x) does not exist
A X—

(b) lim f (X) =3 The function is NOT continuous at x = 2.
x4
(c) lin}1 f(x) =3 10. (@) lim_ f(x)=0
g x—-1
The function is continuous at x = 4 and is continuous (b) lim f( x) =2
on (_°°, °°) x—=-1"
(©) lim1 f(x) does not exist.
6. () lim f(x)=-2 o
x—>-2t The function is NOT continuous at x = —1.
(b) lim f(x) =-2
x—>=2" . 1 1 1
11. lim = = —
(c) lim2 f(x) =-2 st x+8 8+8 16
The function is continuous at x = —2. 12. lim 2 = 2 = 1

xo3t x + 3 3+3 3
7. (@ lim f(x) =0

x—3t . x—5 . x—-5
13. lim — = lim ——
(b) lim f(x) =0 o5t X7 =25 aost (x + 5)(x = 5)
x—=3"
1
: = lim = —
(¢) 11_)1113 f(x)=0 st x+5 10

The function is NOT continuous at x = 3.

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



14.

15.

19.

20.

21.

22.

23.

24,

25.

Section 1.4 Continuity and One-Sided Limits

83

lim A% ~(x-4 - o Nx -2 -2 a2
m — = = 16. lim —= = 1i .
xoat X7 =16 sost (x+4(x -4 st x+ 4 it x — 4 ot x—4 JSx+2
-t _ 1 i x—4
= = -z = lim ——————
4+4 8 14 (x — 4)(\/5 + 2)
lim does not exist because lim ! ! !
X U = = = —
>3 ~/x2 -9 x> -9 x~>47\/;+2 N 4
decreases without bound as x — —37.
17. lim Eig lim — = -1
x—0" X x—0" X
18. lim ‘LIO‘ - x-10 =1
x—10t X — x=lot x — 10
1 1
_ B Ax B
lim XA x oy FOOHAY L A L
Av—0~ Ax a0 x(x + Ax) A a0 x(x + Ax)  Ax
. -1
= lim ——
Ax—0” x(x + Ax)
_ -1 _ 1
x(x + 0) x?
i (x+Ax)2+(x+Ax)—(x2+x) i X% 4 2x(Ax) + (Ax)’ 4+ x + Ax - x? - x
im = lim
Ax—0t Ax Ax—0t Ax
2
~ lim 2x(Ax) + (Ax)” + Ax
Ax—0* Ax
= lim (2x + Ax + 1)
Ax—0"
=2x+0+1=2x+1
. .oox+2 5 26. lim sec x does not exist because
lim f(x) = lim == xo7/2
x—>3" x—3" 2 2
lim secxand lim sec x do not exist.
. T 2 _ _ x—(m2)* x—(7/2)”
lim f(x) = lim (x> —4x+6)=9-12+6=3
x—3" x—3"
lim f(x) = lim (~2* +4x—-2)=-9+12-2 =1 27. lim (S[x] - 7) = 5(3) -7 =8
x—3*t x—3t x—4
Since these one-sided limits disagree, lirr; f(x) ([[x]] =3for3 < x< 4)
does not exist. .
28. lim (2x-[x]) =2(2)-2=2
lirrir f(x) = lim (x +1) =2
x—1 xo1t
. X 1
xlir?- S(x) = len]I— (x3 + 1) =2 29. 31331 [LH + 3) = "—gﬂ +3=-1+3=2
lim1 f(x) =2
30. lim (1 - [[—xﬂj =1-(-1)=2
lim f(x) = lim (1-x) = 0 - 2
xo1t xo1t
31 = !
lim cot x does not exist because : f(x) T 2_4
lim cot xand lim cot x do not exist. has discontinuities at x = —2 and x = 2 because f(-2)

+

x> x>

and f(2) are not defined.
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2 _
32. f(x) = x -1 45. f(x) = is not continuous at x = 0, 1.
’ x+1 X2 - x
has a discontinuity at x = —1because f(—1)is not Because — LI S S 0,x = 0is
X -x x-
defined. a removable discontinuity, whereas x = lisa
[[x]] nonremovable discontinuity.
33. f(x) = 7+x
x
46. = hi ble discontinuities at
has discontinuities at each integer k because /) x> -4 as onremovable discontinuities &
lim f(x) # lim S(x). x = 2and x = -2 because lim f(x) and lim (%)
x—=k~ x—=k x— X
do not exist.
X, x <1
34. f(x) =42, x = 1has a discontinuity at x =1 47. f(x) = x+2 = x+2
x? —3x-10 (x+2)(x—5)
2x =1, x>1
because f(1) = 2 # lim f(x) = 1. has a nonremovable discontinuity at x = 5because
¥l lingf () does not exist, and has a removable
35. g(x) = ~/49 — x? is continuous on [-7, 7]. discontinuity at x = —2 because
1 1
lim f(x) = lim = ——.
36. f(¢) =3 —~/9 — ¢* is continuous on [-3, 3]. r—-2 /) =2 x -5 7
37. lim f(x) =3 = lim f(x).fis continuous on [-1, 4]. 48. f(x) = x+2 x+2
xo0” x0T ’ X-x-6 (x=3)x+2)
38. g(2) is not defined. g is continuous on [_1’ 2). has a nonremovable discontinuity at x = 3 because
ling f(x) does not exist, and has a removable
39. f(x) = 6 has a nonremovable discontinuity at x = 0 discontinuity at x = —2 because
x
1 1
because }13}) S (x) does not exist lim f(x) Jlim) —— s
40. f(x) = 4 has a nonremovable discontinuity at 9. f(x) = x +7]
x—6 ) Cox+7

X = 6 because lim f(x) does not exist. . o
x—6 /() has a nonremovable discontinuity at x = —7 because

X | lim7 S (x) does not exist.

41. f(x) = = has nonremovable

f( ) 4 - x? (2—x)(2+x) 2‘ 3‘

x - . .
discontinuities at x = 2 because lin; f(x)and 50. f(x) = 3 has a nonremovable discontinuity at
X
lim_f/(x) do not exist. x = 3 because lir% f(x) does not exist.
x—>-2 x—
1. .
2. f(x) =5 is continuous for all real x.
x°+1

43. f(x) = 3x — cos x is continuous for all real x.

44. f(x) = sin x — 8x is continuous for all real x.
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3—x, x>2

has a possible discontinuity at x = 2.

L f2)=2+1=

2. lim f(x) = lim [f + 1) =2
X2 x=27\2 lim f(x) does not exist.
lim f(x) = lim 3-x)=1| "7

x—2t x—2t

Therefore, f has a nonremovable discontinuity at x = 2.

-2x, x <2

X2 —4x+1 x>2

52 /(x) = {

has a possible discontinuity at x = 2.
1. f(2)=-2(2)=-+4
2. lim f(x) = lim (-2x) = 4

e e lim f(x) does not exist.
lim f(x) = lim (x* = 4x +1) = 3| "7

x—2t x—2F

Therefore, f has a nonremovable discontinuity at x = 2.

tan 2, x| <1 i ese 2, x-3|<2
53. f(x) = 4 54, f(x) = 6
X, ‘x‘zl 2, ‘x—3‘>2
tanﬂ, -1<x <1 cscﬂ, 1<x<5
= 4 = 6
X, x < —-lorx =21 2, x <lorx >35
has possible discontinuities at x = -1, x = 1. has possible discontinuities at x = 1, x = 5.
LofE) = /=1 Lof)=csc =2 7(5) = esc X = 2
2. fim f(x) = -1 lim /(x) = 1 6 6
A ! 2. lim f(x) = 2 lim f(x) = 2
3. f(-1) = lim f(x) £(1) = lim f(x) ! 3
= ! 3. f(1) = lim £(x) £(5) = lim f(x)
fis continuous at x = %1, therefore, f is continuous for =t ¥o3
all real x. fis continuous at x = land x = 5, therefore, f is

continuous for all real x.

55. f(x) = csc 2x has nonremovable discontinuities at integer multiples of 7/2.
56. f(x) = tan % has nonremovable discontinuities at each 2k + 1, k is an integer.

57. f(x) = [[x - 8]] has nonremovable discontinuities at each integer &.

58. f(x) = 5 — [x] has nonremovable discontinuities at each integer k.
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59.

60.

63.

64.

65.

66.

67.

68.

69.

Chapter 1 Limits and Their Properties

f(1) =3 61. f(2) =8
Find a so that lim (ax — 4) = 3 Find @ so that lim ax> =8 = a = 2% = 2.
x—1" x—2t
all) -4 =3 4
a=1 62. lim g(x) = lim 250% _ 4
x—0" x—0" X
f)y=3 xli%r(r)l+ g(x) = xlij)l* (a-2x)=a
Find a so that lim+ (ax +5) =3 Let a = 4.
x—1
a(l) +5 =3
a=-2.

Find @ and b such that lim (ax + b) = —a + b = 2and lim (ax + b) = 3a + b = -2.

x—-1t x—3"
a—-—b=-2
(+)3a + b ==2 2, x < -1
4a = -4 f(x)=<4—x+1 -1<x<3
a= -1 -2, x2>3
= 2+ (-)=1
lim g(x) = lim * " 70. f(g(x)) = sin x?
x—a xma X — a

=lim(x+a)=2a

x—a

Findasuch 2a = 8 = a = 4.

Fel) = (x = 1)

Continuous for all real x

f(g(x)) = 5(x3) +1=5x+1
Continuous for all real x

1 1
x2+5)—6 xt -1

f(g(x)) = (

Nonremovable discontinuities at x = *1

1
Sflglx)) =
Nonremovable discontinuity at x = 1; continuous for
all x > 1

X

/(g(x)) = tanz

Not continuous at x = &, £37x, 57, ... Continuous on

the open intervals ..., (=37, -7x), (-x, ), (7, 37),...

71.

72.

73.

Continuous for all real x

y=[x-x
Nonremovable discontinuity at each integer

A

1 1
X2 +2x—-15  (x+5)(x-23)

h(x) =

Nonremovable discontinuities at x = =5 and x = 3

2

AR R
1]

-2

() x> =3x, x>4
X)) =
£ 2x =5, x<4

Nonremovable discontinuity at x = 4

/

e L,

10
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75.

76.

77.

78.

79.

80.

87.

x <0

(cos x — 1)

lim f(x) = lim =0

x—=0" x—=0" X

lim f(x) = lim (5x) = 0

x—0t x—0t
Therefore, lirr(l) f(x) =0 = f(0)and f is

continuous on the entire real line.
(x = 0 was the only possible discontinuity.)

3

/

fx) = 5—

X +x+2

Continuous on (—eo, o)

Continuous on (0, e)

f()=3-+x

Continuous on [0, )

f(x) = x/x+3

Continuous on [-3, o)

X
f(x) = secj
Continuous on:
o (=6, 22)(<2, 2)(2. 6). (6,10), ...

f(x) = cosl

X
Continuous on (—eo, 0) and (0, o)

Consider the intervals [1, 3] and [3. 5] for f(x)

Section 1.4 Continuity and One-Sided Limits 87

S x #1
81 f(x)={x-1"
2, x=1
2 —
Since lim f(x) = lim 1 = fim & =D&+ D
Xl | x—1 x—1

lim (x + 1) = 2,
x—1
/ is continuous on (—eoo, o).

2x —4, x #3
1, x =3

82. f(x) = {

Since lim f(x) = ling (2x-4)=2=1,

x—3

f is continuous on (—ee, 3) and (3, o).

83. f(x) = &x* — x* + 4is continuous on the interval
[L2] £(1) = %and /(2 = —%. By the Intermediate
Value Theorem, there exists a number ¢ in [1, 2] such

that f(c) = 0.

84. f(x) = x* + 5x — 3is continuous on the interval [0, 1]
f(0) = =3 and f(1) = 3.By the Intermediate Value

Theorem, there exists a number c in [0, 1] such that
flc)=0.

85. f(x) = x* — 2 — cos xis continuous on [0, 7].
f(0) = =3and f(7) = #* -1 = 8.87 > 0.By the

Intermediate Value Theorem, f(c) = 0 for at least one

value of ¢ between 0 and 7.

86. f(x) = 23 + tan| X | is continuous on the interval [1, 4].
X 10

f) =-5+ tan(%j ~ —4.7 and

f(4) = —% + tan[z?”j = 1.8. By the Intermediate

Value Theorem, there exists a number ¢ in [l, 4] such

that f(c) = 0.

(x -3 =2

S(1) =2 > 0andf(3) = =2 < 0, so f has at least one zero in [1, 3].

f(3) = -2 < 0andf(5) = 2 > 0, so / has at least one zero in [3, 5].

So, f has at least two zeros in [1, 5].
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88. Consider the intervals [1, 3] and [3, 5] for f(x) = 2 cosx.

89.

90.

91.

92.

Chapter 1 Limits and Their Properties

S(1) =2cosl =108 >0and f(3) =2cos3 = —1.98 < 0, so / has at least one zero in [L, 3].

f(3) =2cos3 =198 < 0and f(5) = 2cos5 = 0.57 > 0, so f has at least one zero in [3, 5].

So, f has at least two zeros in [1, 5].

f(x):x3+x—l
f(x) is continuous on [0, 1].
f(0) = —land f(1) =1

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.68. Using the root feature, you find that
x = 0.6823.

Sx) =x* = x* +3x -1

f(x) is continuous on [0, 1].

f(0) =-land f(I) =2

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.37. Using the root feature, you find that
x = 0.3733.

f(x) =~x* +17x +19 - 6

£ is continuous on [0, 1].

f(0) =19 -6 = -1.64 < 0
(1) =~/37 -6 = 0.08 >0

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.95. Using the root feature, you find that
x = 0.9472.

F(x) = xt +39x + 13 — 4
f is continuous on [0, 1].

f(0) =13 -4 =-039 <0
() =~/53 - 4

By the Intermediate Value Theorem, f(c) = 0 for at

328 >0

i

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x = 0.08. Using the root feature, you find that
x = 0.0769.

93. g(r) = 2cost — 3t
g is continuous on [0, 1].
g(0) =2 > Oand g(1) = -1.9 < 0.

By the Intermediate Value Theorem, g(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(¢), you find that

t = 0.56. Using the root feature, you find that
t = 0.5636.

94. h(6) = tanf + 36 — 4 is continuous on [0, 1].
h(0) = —4and A(1) = tan(l) -1 =~ 0.557.
By the Intermediate Value Theorem, 4(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of 4(8), you find that

8 = 0.91. Using the root feature, you obtain
6 = 0.9071.

95. f(x)=x*+x-1
fis continuous on [0, 5].
f(0) = -land f(5) = 29
-1<11<29
The Intermediate Value Theorem applies.
+x-1=11
¥ +x-12=0

(x+4)(x-3)=0

x=-4orx =3
¢ = 3(x = —4 is not in the interval.)
So, f(3) = 11.

96. f(x) = x> —6x+38
fis continuous on [0, 3]
f(0) = 8and f(3) = -1
-1<0<38

The Intermediate Value Theorem applies.
¥ —6x+8=0
(x=2)x-4=0
x=2orx =4

¢ = 2 (x = 4 isnot in the interval.)

So, f(2) = .

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



97.

98.

99.

fx)=~x+7-2
£ is continuous on [0, 5].
£(0) =7 -2 = 06458 < 1

f(5) =12 =2 ~ 14641 > 1

The Intermediate Value Theorem applies.

Jrr1-2=1
Jx+7=3
x+7=9
x =2
c=2

So, f(2) =1.

£ is continuous on [-9, —6].

f(=9) = (-9)” + 8 = 59199 < 6

f(-6) = ()" +38
The Intermediate Value Theorem applies.
Ux +8

Ux = -2

N

= 6.1829 > 6

Il
(o)

x=(-2) =-8
c=-8

So, f(-8) = 6.
x - x

) = x—4

f is continuous on [1, 3]. The nonremovable

discontinuity, x = 4, lies outside the interval.

1-1

)=——=0<3
/) 1-4
f(3)=24>3
The Intermediate Value Theorem applies.
_ 3
X-x
x -4

x—-x=3x-12

X427 -12=0
(x=2)(x* +2x+6) =0
x=2
(x2 + 2x + 6 has no real solution.)
c=2
So, f(2) = 3.

Section 1.4 Continuity and One-Sided Limits 89

100.

101.

102.

103.

X2+ x

flx) =

x =1

. . 5
f'is continuous on [5, 4}. The nonremovable

discontinuity, x = 1, lies outside the interval.

5 35 20
—|="and f(4) = —
f(zj 6 /@) 3
33 <6< 20
3
The Intermediate Value Theorem applies.
A x 6
x =1

X +x=6x-6
X -5x+6=0
(x—2)(x—3) 0

x =2o0rx =3

¢ = 3 (x = 2 isnot in the interval.)
So, /(3) = 6.

Answers will vary. Sample answer:

_ 1
U R

Answers will vary. Sample answer:

51
4l
34
24

—+——
-2-1 | 1 34567

24

B

The function is not continuous at x = 3 because
limf(x) =1#0= 1irnf(x)‘
x—3t x—3"

If f and g are continuous for all real x, then so is
f + g (Theorem 1.11, part 2). However, f/g might

not be continuous if g(x) = 0.For example, let
S(x) = xand g(x) = x* — 1.Then f and g are
continuous for all real x, but f/g is not continuous at
x ==l
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104. A discontinuity at ¢ is removable if the function f can 111. The functions agree for integer values of x:
be mad.e continuous at ¢ ny approprlately. deﬁmpg (or g(x) =3 - I[_x]] =3 (—x)=3+x
redefining) f(c). Otherwise, the discontinuity is for x an integer
nonremovable. Sx) =3+ [[x]] =3tx
‘ Y- 4‘ However, for non-integer values of x, the functions
(@ f(x) = e differ by 1.
x —
=3+ = -1 =2—|—x|
e 763) =3+ 1] = (o) (-]
) f(x) = X+ 4 For example,
Y =302l 3= (-4
© f(x) 0, 4<x<4 -
c X) = 112. 1 t) = 28
, x=-4 t_lgl_ 1)
0, x <-4 lim f(¢) = 56
t—4t

x = 4 is nonremovable, x = —4 is removable

At the end of day 3, the amount of chlorine in the pool

s has decreased to about 28 ounces. At the beginning of
day 4, more chlorine was added, and the amount is now
about 56 ounces.

. .l 113. C(t) =10 = 75[1 —¢], ¢ > 0
REnEra B A ¢
L
Ll 40 +
301 (S
105. True 204
Oe®
1. f(c) = L is defined. 10—
2. llﬁmc f(x) = L exists. A A
3. f(c) = lim f(x) There is a nonremovable discontinuity at every integer
Yo value of ¢, or gigabyte.
All of the conditions for continuity are met.
t+2
106. True. If f(x) = g(x), x # ¢, then lim £(x) = lim g(x) 114. N(1) = 25[2|, - f}
X—cC X—C
(if they exist) and at least one of these limits then does
not equal the corresponding function value at x = c. t 0 L[ 18] 2 3|38
107. False. f(x) = cosx has two zeros in [0, 277]. However, N() |50]25] 5 |50)25] 5
/(0) and f(27) have the same sign. There is a nonremovable discontinuity at every positive
even integer. The company replenishes its inventory
108. True. For x € (-1, 0), [x] = -1, which implies that every two months.
N
lim [x] = -1.
x—=0" @
109. False. A rational function can be written as P(x)/Q(x) E
where P and Q are polynomials of degree m and n, E
respectively. It can have, at most, n discontinuities.
2 4 6 8 10 12
1 10 Time (in months)

False. f(1)is not defined and lirr} f(x) does not exist.
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115.

116.

117.

118.

119.

Let () be the position function for the run up to the
campsite. s(0) = 0 (¢ = 0 corresponds to 8:00 A.M.,
5(20) = k (distance to campsite)). Let r(¢) be the
position function for the run back down the mountain:
r(0) = k, r(10) = 0.Let f(¢) = s(r) — 7(2).

When ¢ = 0(8:00 A.M.),

f(0) = s(0) - r(0) =0-k < 0.

When ¢ = 10(8:00 A.M.), f(10) = s(10) — (10) > 0.
Because f(0) < Oand f(10) > 0, then there must be a
value 7 in the interval [0, 10] such that f(r) = 0.1f
f(t) = 0,then s(¢) — r(t) = 0, which gives us

s(t) = r(z). Therefore, at some time ¢, where

0 < ¢t £ 10, the position functions for the run up and the
run down are equal.

Let V = %ﬂ'r} be the volume of a sphere with radius 7.

5007

V is continuous on [5, 8]. ¥(5) ~ 523.6and

20487

V(8) =~ 2144.7. Because

523.6 < 1500 < 2144.7, the Intermediate Value
Theorem guarantees that there is at least one value
between 5 and 8 such that V(r) = 1500. (In fact,

r = 7.1012.)

Suppose there exists x, in [a, b]such that f(x) > 0
and there exists x,in [a, b]such that f(x,) < 0.Then
by the Intermediate Value Theorem, f(x) must equal

zero for some value of x in

[x1, x,] (or [x2, ] if X, < x,).So, fwould have a zero in
[@, b], which is a contradiction. Therefore, f(x) > 0 for

allxin [a, blor f(x) < Oforallxin [a, b].

Let ¢ be any real number. Then lim f(x) does not exist
X—c
because there are both rational and irrational numbers
arbitrarily close to c¢. Therefore, f is not continuous at c.
If x = 0, then f(0) = 0and lirr}) f(x) =0.S0, fis
xX—
continuous at x = 0.

If x # 0, then lim f(¢) = O for x rational, whereas
t—Xx

lim f(¢)

t—>x

not continuous for all x # 0.

= lim &t = kx # O for x irrational. So, f is
t—>x

Section 1.4 Continuity and One-Sided Limits

-1, ifx<0 |
120. sgn(x) =40, ifx =10 :
1, ifx>0 2T

91

(@) lim sgn(x) = -1

x—=0

lim sgn(x) =1 -

x—=0"

(b)

©) lin}) sgn(x) does not exist.

121. (a) *
450
445

440

430

(b) No. The frequency is oscillating.

0, 0<x<b

122. (a) f(x):{b b<x<2b

(=]
IN
=

IN
S

<2b

S
N
=
N

2b+

Continuous on [0, 25].

o
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2 <c 124. Let y be a real number. If y = 0,then x = 0.If y > 0,
thenlet 0 < x, < z/2suchthat M = tan x5 > y

123. f(x) = {
fis continuous for x < cand for x > ¢. Al ¥ = ¢, you (this is possible since the tangent function increases

need 1 — ¢? = ¢.Solving ¢? + ¢ — 1, you obtain without bound on [0, 7[/2)). By the Intermediate Value

L+ Ji5d 15 Theorem, f(x) = tan x is continuous on [0, x,] and

- B - - 0 < y < M, which implies that there exists x between 0
and x,such that tan x = y. The argument is similar if
y < 0.

Nx+e? -
125. f(x) = "> 0
X
Domain: x + ¢> 20 = x = —c?and x # 0, [—cz, 0) U (0, =)
x4+t -c Nx+cet—c Nx+c+e X+C2)—C2 1 1

lim = lim = lim = lim

x—=0 X x—0 X \/x+(32 +c xe0x|: /X+C2 +C:| xao\/x+c2 +c 2c

Define f(0) = 1/(2c) to make f continuous at x = 0.

126. 1. f(c)is defined. 127. h(x) = ]
2. lim f(x) = AlimO Sfle + Ax) = f(c) exists. 15
[Let x = c+ Ax.As x — ¢, Ax — 0] Mg
. . -~ o
3 lim (3) = /(0) A e

-3
h has nonremovable discontinuities at
X =x1,£2,+3 ...

Therefore, f is continuous at x = c.

128. (a) Define f(x) = fy(x) — fi(x). Because f; and f, are continuous on [a, b], so is f.
f(a) = fy(a) = fi(a) > 0and f(b) = f2(b) — £i(b) < O
By the Intermediate Value Theorem, there exists ¢ in [a, ] such that f (c) = 0.
fle) = fale) = file) = 0 = fie) = falo)
(b) Let fi(x) = xand f,(x) = cos x, continuous on [0, 7/2], £,(0) < f,(0)and f(7/2) > fy(7/2).
So by part (a), there exists ¢ in [0, 7/2] such that ¢ = cos(c).
Using a graphing utility, ¢ = 0.739.

129. The statement is true.

If 2 0and y < 1, then y(y — 1) < 0 < x?, as desired. So assume y > 1. There are now two cases.

Case I: Case 2:
Ifx < y — 4, then 2x + 1 < 2y and Ifx >y -3
Wy =1) = y(y +1) - 2 ¥z (v -4y
S(x+1)2—2y =y2—y+%
=x*+2x+1-2y >3-y
<x*+2y-2y :y(y—l)

In both cases, y(y — 1) < x%.
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130. P(1) = P(0% +1) = P(0)" +1 =1

P(2) = P> +1) = P(1) +1=2
P(5)= P22 +1) = P2’ +1=5

Section 1.5 Infinite Limits 93

Continuing this pattern, you see that P(x) = x for infinitely many values of x.

So, the finite degree polynomial must be constant: P(x) = x for all x.

Section 1.5 Infinite Limits

1. A limit in which f(x) increases or decreases without

11.

bound as x approaches c is called an infinite limit. oo

is not a number. Rather, the symbol

lim f(x) = e

x—c

Says how the limit fails to exist.

. The line x = c is a vertical asymptote if the graph of f

1
x -4
As x approaches 4 from the left, x — 4 is a small
negative number. So,
lim f(x) = —eo

x—4"

7. f(x) =

As x approaches 4 from the right, x — 4 is a small
positive number. So,

approaches *eo as x approaches c. lim+ f(x) =
x—4
. -1
lim 2 = o 8. =
x—-2% X2 - ‘ f(X) x—4
lim 2| _ As x approaches 4 from the left, x — 4 is a small
HH-I;* X2 — 4] negative number. So,
lim f(x) = .
. 1 x—4"
xl_l)r_r; c+2 7 As x approaches 4 from the right, x — 4 is a small
| positive number. So,
lim = —oo . .
xo-2" X + 2 hm+ f(x) = —oo,
x—4
lim tan — = —eo 9. f(x) = %
x—-2 (x — 4)
1112_ tan —= = o As x approaches 4 from the left or right, (x — 4)2 isa
small positive number. So,
lim sec 2F = oo lim f(x) = lim f(x) = .
x—-2t x—4 x—4
lim sec LA 10 _ -1
x—>-2" 4 : f(x) - 2
(x=4)
As x approaches 4 from the left or right, (x — 4)2 isa
small positive number. So,
lim f(x) = lim f(x) = —oo,
x—4" x—4t
1
xX) =
/) ¥ -9
x -3.5 | -3.1 | -3.01 | -3.001 | —=2.999 | —2.99 | 2.9 -2.5
f(x) | 0308 | 1.639 | 16.64 | 166.6 | —166.7 | —16.69 | —1.695 | —0.364
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12.

13.

14.

15.

Chapter 1 Limits and Their Properties

x
) = x> =9

X -3.5 -3.1 -3.01 -3.001 | —=2.999 | -2.99 | -2.9 -2.5

f(x) -1.077 | —5.082 | =50.08 | —=500.1 | 499.9 49.92 | 4915 | 0.9091
lim f(x) = —oo 2
el ] X

lim f(x) = oo e ' [T
x—-3" "‘\: \n
2
2
x

X =
1) = 5

X -3.5 -3.1 -3.01 | -3.001 | =2.999 | -2.99 29 2.5

f(x) 3.769 | 15.75 | 150.8 | 1501 —1499 | —149.3 | —-14.25 | -2.273
lim f(x) = e —
x—.>—3 —/E Ell\\m
xgr—r;‘*' f(x) - -® |( \\Ill e

—4
1

x) = -
f( ) 3+ x

X -3.5 | -3.1 | -3.01 | =3.001 | =2.999 | -2.99 | -2.9 | -2.5

f(x) 2 10 100 1000 -1000 | —-100 | —10 | -2

lim f(x) = : 10
x—-3" !

lim f(x) = —eo P J: .
o3t : r
: 10

f(x) = cot =—

X -3.5 -3.1 -3.01 -3.001 | —=2.999 | -2.99 | -2.9 -2.5

f(x) —-1.7321 | -9.514 | —95.49 | -954.9 | 954.9 95.49 | 9.514 | 1.7321

lim f (x) = = \
lim+ f(x) = oo -6

\
I
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16. f(x) = tan %

Section 1.5 Infinite Limits 95

X -3.5 | 3.1 -3.01 -3.001 | -2.999 -2.99 -2.9 2.5
f(x) | 3.73 | 19.08 | 190.98 | 1909.9 | —11909.9 | —190.98 | —19.08 | —3.73

lim f(x) = oo _ 10
x—-3" 1
Jm f@) = J - :

: -10
1
17. f(x) = = 22. i(s) = 32S + 4 _ 3s + 4
X s7 =16 (s —4)(s +4)

lim - = o = lim — fim 2554 _ and tim 2214 _ o
x—0t X x—=0" X s—4~ S2 -1 s—4t S2 - 16
Therefore, x = 0 is a vertical asymptote. Therefore, s = 4 1is a vertical asymptote.

3s + 4 3s + 4
2 lim = —coand lim = oo
18. f(x) = (X _ 3)3 s—o—4" Sz -1 s——4T Sz - 16
Therefore, s = —4 is a vertical asymptote.
hn‘{ ——— = -
x—3 (x - 3) 3 3
23. f(x) = =
lim — o xX+x-2 (x+2)(x-1
x—3t (x - 3)3 ) 3 ) 3
lim ———— =wand lim ———— = -
Therefore, x = 3is a vertical asymptote. ¥ X0+ X — xo2t X0+ x =2
Therefore, x = —2 is a vertical asymptote.
x? x?
19. f(x) = — = . 3 . 3
— - lim —— = —~and lim ———— = o
X2 4 (X * 2)(x 2)2 x->1" X2 +x -2 x—1t Xz +x -2

lim =ocoand lim — = —oo Therefore, x = 1is a vertical asymptote.
xo2” x° — 4 xo-2t x° — 4
Therefore, x = —2 is a vertical asymptote. x? = 5x + 25

24, g(x) = —

' 2 . 2 x> + 125

dm ey s i = _ x?—5x 425

Therefore, x = 2 is a vertical asymptote.

3x
x> +9

20. f(x) =

No vertical asymptotes because the denominator
is never zero.

t—1
21. g(t) = ——

£ +1
No vertical asymptotes because the denominator
is never zero.

(x+ 5)(x2 - 5x + 25)

1
x+5

= —ocoand lim ! = oo

lim =
x5t X+ 5

xo-5- x + 5

Therefore, x = —5 is a vertical asymptote.
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25.

26.

27.

Chapter 1 Limits and Their Properties

7 4(x2 +x = 6)
x) - x(x3 - 2x* = 9x + 18)
_ 4(x +3)(x - 2)
x(x — 2)()62 - 9)
- ﬁ,x + 3,2
lim, f(x) = coand lij)l+ f(x) = —oo

Therefore, x = 0 is a vertical asymptote.

lim f(x) = —ecand lim f(x) = oo
x—3" x—3"

Therefore, x = 3is a vertical asymptote.

. 4
S = 2(2 - 3)
=-2
and
. 3 4 _2
Jim, J(x) = -3(-3-3) 9

Therefore, the graph has holesat x = 2 and x = —3.

M= e TS
_ (x = 3)(x + 3)
(x = )(x + 1)(x + 3)
x-3

= x #
x+Dx-1

lim A(x) = —ecand lim A(x) = oo
x—=-1" x—-1
Therefore, x = —11is a vertical asymptote.
lim A(x) = e and lim A(x) = —oo
x—1" x—-1t
Therefore, x = 1is a vertical asymptote.

lim h() = —— -2 -3
$5-3 (3+D(-3-1) 4

Therefore, the graph has a hole at x = —3.

x> —2x—15
f(x)_x3—5x2+x—5

_(x = 5)(x +3)

- (x - 5)(x2 + 1)

N )):2 ++31’ TES

5+3 _ 15

52+1 26

There are no vertical asymptotes. The graph has a hole
at x = 5.

lim /(x) =

28.

29.

30.

31.

32.

-2 t - 2)
-16 (- 2)(t + 2)( + 4)
t

- (t +2)( +4)’t 2

h(r) =

lim A(f) = e and lim+ h(t) = —oo

t—-2" t—>-2

Therefore, t = —2 is a vertical asymptote.
lim A(?) = % = L

(-2 2+2)2°+4) 16

Therefore, the graph has a hole at ¢ = 2.

f(x) = csemx = —
sinzx

Let n be any integer.

lim f(x) = —eo0Oreo

Therefore, the graph has vertical asymptotes at x = n.

sinzrx

f(x) = tanzx =
COSTTX

2n +1

cosmx = 0 forx = , Where 7 is an integer.

hg}Jrl f(_x) = oo QI —o0
2

Therefore, the graph has vertical asymptotes at
2n + 1
5

t

sin ¢

s(t) =
sin ¢t = 0 fort = nm, where n is an integer.

lim s(¢) = oo or —oo (forn # 0)

t—nw

Therefore, the graph has vertical asymptotes at
t = nm, forn # 0.

lim s(¢) =1

t—0

Therefore, the graph has a hole at ¢ = 0.

tan &  sin 0
0 6 cos 6

g(0) =
V4 . .
cos @ = 0 for 8 = By + nm, where n is an integer.

lim g(8) = o0 or —eo
9—>%+n7r

Therefore, the graph has vertical asymptotes at

9=E+nﬂ.
2

lim g(6) = 1

Therefore, the graph has a hole at 6 = 0.
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34.

35.

36.

37.

38.

39.

40.

41.

42.

lim =~ = lim (x - 1) = -2 43.
x—=-1 x + x—-1
Removable discontinuity at x = —1
) 44.
-3 3
/ 45.
-5
46.
lim x> - 2x -8 _ 4
x—-1" x +1 !
] ) -10 'II: / 8
fim o2 -8 ! 47.
xo-1t x+1 :
Vertical asymptote at x = —1 -8 48
cos(x2 - 1)
lim ———— = - 10 49.
x—>-1" x+1 '
_ cos(x2 - 1) " : ,
lim ———= = oo \: 50.
x—-1T x +1 !
Vertical asymptote at x = 1 o
51.
sin(x + 1) 2
ol x4+1 )
Removable discontinuity at -3 8
x=-1
-2
lim = oo
x—2t X — 2
. : 4 1
lim = = —
o X+ 4 4+ 40 2
52.
. x+3 . x+3
li = lim ———
PN (x2 +x - 6) v (x4 3)(x - 2)
= lim ! = !
x—-3" X — 2 5
. 6x* +x -1 (Bx=1)2x +1)
lim —— = lm ——F———+
x—(1/2)* 4x* —4x -3 x—=—(1/2)* (2x - 3)(2x + 1)
. 3x -1 5
= lim ==
w2t 2x =3 8 53.
lim (1 + l) = —oo
x—0” X
lim (6 - 7] = —oo
x—0" X

© 2018 Cengage Learning. All Rights Reserved.
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lim
x—>—4"

2 j__‘x’
x+4

(xz +
. 1

lim [x ——+ 3| =—c

x—0t X

. ( 1]
lim |[sinx + —| = o

x—0t

lim = oo
x> (z/2)" COS X

NE

lim = lim (Vxsinx) =0
x—ozt CSC X xort
.oox+2 .
lim = lim [(x + 2) tan x] =0
x—0~ cot x x—0"
lim xseczx = lim Y e
x=(1/2)” x—(1/2)” COS 7TX
lim x? tan 7x = —co
x—(1/2)"
. X+ x+1 X+ x+1
x) = =
/) X =1 (x—l)(x2+x+1)
1
1. = 1 = oo
W)=

3
== EL 5

-3 :

B -1 (x—l)(x2+x+1)
f(x)_x2+x+l_ X+ x+1
lim f(x) = lim (x =1) =0
x—1" x—1

4
-8 / 8

-4
lim f(x) = o and lim g(x) = -2
@ tim /) + g] === 2 = -
®) lim [f(1)g(x)] = =(-2) = =
(c) lim ) i

x—c f(x) oo
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98  Chapter 1 Limits and Their Properties

54. lim f(x) = —eoand lim g(x) = 3 57. .

@ lim [/(9) + g(x)] = ~= +3 = ==
®) tim [£(x)e(x)] = (-=)(3) = —= "

x—c

© mE¥ -3 _ N
x—c f(x) —oo -2
55. One answer is m
1) = x-3 . x-3 58-”1:172/2
(x-6)(x+2) x> —4x—12 - (/)
lim m = lim o =
1 1 = 1 —_—— T OO
56. No. For example, f(x) = ———— has no vertical voe voe 1-(v?/c?
ple, /(¥) = JU=(7/¢)
asymptote.
59. (a)
x 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
f(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017 | =0 | =0 =0
0.5 .
lim X Sinx _ o
x—0" X
-1.5 1.5
-0.25
®) X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | = O =0
928 X — sin x
xlioJr x? =0
-1.5 1.5
-0.25
© x 1 0.5 0.2 0.1 0.01 0.001 0.0001

S(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666 | 0.1667 | 0.1667 | 0.1667

0.25 .
I 1im+x_753”” = 0.1667 (1/6)
x—0 X
-1.5 1.5
-0.25
(d)
x |1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001

f(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658 | 16.67 | 166.7 | 1667.0

X — sin x X — sin x

lim ———— = worn >3, lim ———— = o
x—0t X x—0" X
-15 1.5
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60. lim P = oo .
VLT* 62. (a) Average speed = M
Total time

As the volume of the gas decreases, the pressure 24
increases. 50 = —7F——

(d/x) + (d])

2(7) 7 2xy
61. (a) r = ———=——= = — ft/sec 50 = ——
V625 -49 12 / y+x
2(15 50y + 50x = 2xy
(b) r = 7( ) = éft/sec
625 - 225 2 50x = 2xy - 50y
2x 50x = 2y(x — 25)
(¢) lim ————— =«
w257 /625 — X 25x  _
=Y
x =25
Domain: x > 25
(b)
x| 30 | 40 50 | 60
y | 150 | 66.667 | 50 | 42.857
(© lim —2%_
x—-257 A/ x — 25

As x gets close to 25 miles per hour, y becomes
larger and larger.

63. (a) 4= %bh - %rzﬂ = %(10)(10 tan 6) — %(10)26 = 50tan 6 — 50 0

Domain: [0, E)
2

® [ o

0.3 0.6 0.9 1.2 1.5

f(6) 0.47 4.21 18.0 68.6 630.1

100

0

(¢) lm 4 =o

60— /2"

64. (a) Because the circumference of the motor is half that of the saw arbor, the saw makes 1700/2 = 850 revolutions per minute.

(b) The direction of rotation is reversed.

(c) 2(20cot ¢) + 2(10 cot @): straight sections. The angle subtended in each circle is 27 — | 2 z_ =7+ 2¢.
2

So, the length of the belt around the pulleys is 20(7 + 2¢) + 10(z + 2¢) = 30(z + 29).

Total length = 60 cot ¢ + 30(7 + 2¢)

Domain: [0, ﬁ]
2

0.3 0.6 0.9 1.2 1.5

(d)

L | 306.2 217.9 195.9 189.6 188.5
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100 Chapter 1 Limits and Their Properties

N

() lim L = 607 = 188.5
o))

(e) 450

0

(All the belts are around pulleys.)

(g0 lim L = e
p—0"
65. True. The function is undefined at a vertical asymptote. 68. False. Let
66. True l, x#0
f(x) = qx
67. False. The graphs of y = tan x, y = cot x, y = sec x 3, x=0.

and y = csc xhave vertical asymptotes. The graph of f has a vertical asymptote at x = 0, but

7(0) = 3.

69. Let f(x) = iz and g(x) %, and ¢ = 0.
x x

2 _
lim & = coand lim - = co, but fim [ = — - | = lim | 1] = —w % 0.
x—0 xZ x—0 x4 x—0 xZ x4 x—0 x4

70. Given lim f(x) = e and lim g(x) = L:

xX—=c X—=c¢

(1) Difference:
Let h(x) = —g(x). Then )l(lﬁmc h(x) = —L, and )heni [f(x) - g(x)] = )heni [f(x) + h(x)] = oo, by the Sum Property.
(2) Product:
If L > 0, then for € = L/2 > 0 there exists &, > 0 such that ‘g(x) - L‘ < L/2 whenever 0 <|x — c|< 6.
So, L/2 < g(x) < 3L/2.Because 1133 f(x) = oo then for M > 0, there exists 6, > Osuch that f(x) > M(2/L)
whenever ‘x - c‘ < 0,.Let Obe the smaller of & and &,. Then for 0 < ‘x - c‘ < 0,
you have f(x)g(x) > M(2/L)(L/2) = M. Therefore %11}1} f(x)g(x) = . The proof is similar for L < 0.

(3) Quotient: Let £ > 0 be given.
There exists 6, > 0such that f(x) > 3L/2¢ whenever 0 <|x — ¢| < & and there exists &, > 0such that
‘g(x) - L‘ < L/2 whenever 0 <|x — ¢| < &, This inequality gives us L/2 < g(x) < 3L/2.Let Jbe the
smaller of &,and 0,. Then for 0 < ‘x - c‘ < 0, you have

312
3L)2¢

Therefore, lim g(x) = 0.
x—c f(x)

g(x)
f(x)

x—c x—>cf(x)

71. Given lim f(x) = o, let g(x) = I.Then lim 2() _ by Theorem 1.1,
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Review Exercises for Chapter 1 101

. .1 . .
72. Given lim—— = 0. Suppose lim f'(x) exists and equals L.
x%c.f(x) x—c

lim 1
Then, lim —— = = 0.

1
e f(x)  lim f(x) L

This is not possible. So, lim f(x) does not exist.
xX—c

> M whenever

73. f(x) = ! 3 is defined forall x > 3. Let M > Obe given. Youneed & > Osuch that f(x) = !

X — X —

3 < x <3+ 6. Equivalently, x — 3 < iwhenever ‘x - 3‘ < 0,x > 3. Sotake § = i Then for x > 3and

\x—3\<5,;>1:Mandsof(x)>M.Thus, lim ! = oo,
x—3 8 x=3tx =3

< N whenever

74. f(x) = ! 5 is defined forall x < 5.Let N < Obe given. Youneed 0 > Osuch that f(x) = !

X — X —

1 1
5 -0 < x < 5. Equivalently, x — 5 > %whenever ‘x - 5‘ < 0,x < 5. Equivalently, —— < N whenever

x—S‘
1 1
‘x - 5‘ < 0,x < 5.Sotake § = —%.Notethat 0 > Obecause N < 0.For ‘x - 5‘ < dand x < 5,75‘ > 5 = —N,
Y —
and —— = __ < N. Thus, lim —— = —oo,
x=5 ‘x—S‘ xo5” x =5
75. f(x) = 3 3 is defined for all x > 8. Let N < 0 be given. Youneed & > 0 such that f(x) = < N whenever
- x - x

3 *s %whenever ‘x - 8‘ < d,x > 8. Equivalently,

8 — x‘ < _—3 whenever
N

8 < x < 8 + 0. Equivalently,

‘x - 8‘< d,x > 8. So,let & = %3 Note that & > 0 because N < 0. Finally, for ‘x - 8‘< dandx > 8,

1 1 N -3 3
—>—=-— —"— < N,and —— < N. Thus, lim f(x) = —co.
‘x—S‘ o -3 x—8‘ 8 —x x—>s+f()
76. f(x) = 5 6 is defined forall x < 9. Let M > 0 be given. Youneed & > 0 such that f(x) = 6 > M whenever
—x - x

. Finally, for

SE

9 — 0 < x < 9.Equivalently, 9 — x < %whenever‘x - 9‘ < 0,x <9.S0,let 6 =

|x —9|< §andx < 9, x—9‘<£, ! >M,and > M. Thus, lim f(x) = &.
M |x - 9‘ 6 -Xx X9~
Review Exercises for Chapter 1
1. Calculus required. Using a graphing utility, you can 2. Precalculus. I = \/(9 _ 1)2 + (3 _ 1)2 ~ 825

estimate the length to be 8.3. Or, the length is slightly
longer than the distance between the two points,
approximately 8.25.

11
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102 Chapter 1 Limits and Their Properties
x-3
3. f(x) = ¥————
/&) X = Tx + 12
x 2.9 2.99 2.999 3 | 3.001 3.01 3.1
f(x) | -0.9091 -0.9901 —-0.9990 ? | -1.0010 | -1.0101 | —-1.1111
ling f(x) = —1.0000 (Actual limitis —1.)
6
-6 E)L 12
-6
Nx+4 -2
4. f(x) =
X
X -0.1 —-0.01 —-0.001 0 0.001 0.01 0.1
f) 0.2516 0.2502 0.2500 ? 0.2500 0.2498 0.2485
i ~ imit is 1
llir}) f(x) = 0.2500 (Actual limit is 4.)
0.5
\______
-5 5
0
—2x
—|-X 2 6. g(x) =
5. h(x) |,2ﬂ+x g(x) -3

(a) The limit does not exist at x = 2. The function
approaches 3 from the left side of 2, but it
approaches 2 from the right side of 2.

(b) lim h(x) = ﬂ—%]] +x2=-141=0

.liml(x+4)=l+4:5

(a) lirrg g(x) does not exist because the function
X—

increases and decreases without bound as x
approaches 3.

(b) lim g(x) = Sl )

Let € > 0 be given. Choose 0 = €. Then for 0 < ‘x - 1‘ < 0 = g, you have

‘x—1‘<£
‘(x+4)—5‘<€
‘f(x)—L‘< £
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8.

10.

11.

12.

13.

14.

15.

lin})\/_=\/§=3

Let £ > 0 be given. You need

Review Exercises for Chapter 1 103

‘\/;—3‘<g:‘\/;+3H\/;—3‘<s‘\/;+3‘:\x—9\<s‘\/;+3‘.

Assuming 4 < x < 16, you can choose J = 5€.

So, for 0 <‘x - 9‘ < 0 = 5¢,you have
|x - 9| < 5¢ <‘\/;+3‘g

‘\/;—3‘<g

|f(x)-L|<e
Clim (1= %) =1-2° = -3

Let £ > 0 be given. You need

=2 = (B)|< e = | —4|=|x-2||x+2[ <& =[x -2

. £
Assuming 1 < x < 3,you can choose § = 5

So, for 0 <‘x - 2‘< o= ?,youhave

£ £

\x—2\<g<‘m
|x —2||x+2|< ¢
‘x2—4‘<€
‘4—x2‘<8
(1- %) - (-3)|< e
| f(x) - L| < &

lin; 9 = 9.Let € > 0be given. J can be any positive
xX—
number. So, for 0 <|x — 5| < &, you have

9 -9|< e

| f(x) - L|< e
lim x> = (=6)> = 36

xX—-6

lim (Sx — 3) = 5(0) =3 = -3

1in}\/z+2=\/4+ =6 =245

t—

lim Vo' +1 = V2 + 1 =B+ =J9 =3
xX—=

x—27

lim (%—1)4=(€/ﬁ—1)4=(3—1)4=24=16

16.

17.

18.

19.

20.

;g
|x + 2|

lim (x — 4 = (7 -4 =3 =27

. 4 4
lim = = —
x=4 x — 1 4 -1 3
. X 2 2 2
lim > == = ==
x=2 x° + 1 27 +1 4 +1 5

(2x + 5)(x + 3)
x+3
= lim (2x + 5)

x—-3

. 2xP 4+ 1lx + 15 .
lim = lim
x—-3 x+3 x—-3

=2(-3)+5
= -1

. 12 —16
lim
t—>4 t — 4 t—4

IR )
(-4

lim (1 +4) =4 +4=8
t—
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104 Chapter 1 Limits and Their Properties

Cx=3-1 . x=3-1 Jx-3+1 A+ x -2 JAex-2 Ja+x+2
21. lim = lim . 22. lim —— = lim .
x—4 x -4 x—4 x -4 \/X—3+1 x—0 X x—0 X \/4+X+2
; (x-3)-1 . 1 1
= lim = I
=4 (x - 4)Vxr -3 +1) D04+ x 42 4
fim ——1 =1 [Y(x+1)] -1 1 1
= = — + - —
=i x-3+1 2 PPN T LG )l R e G
x>0 X =0 x(x +1)
= fim L = -
=0 x + 1
(1+5s) -1 (V1+5s) =1 (NT+5)+1
24, lim ———— = lim .
50 s 50 s (N1+5)+1
. [+ s)] -1 , -1 1
= lim ————————= = lim = ——
SO (NTHs)+ 1] (VT s) 1] 2
25. lim LS8 % _ im[ = ][l"co”j = (1)(0) = 0
x=0  sin X x—=0{ sin x X
2. fim 2T
x—(#/4) tan x 1
i 6 Ax | — (1/2 i i -
27 lim s1n[(7r/ )+ ] (1/2) _ im sin(7/6)cos Ax + cos(z/6)sin Ax — (1/2)
Ax—0 Ax Av—0 Ax
Ax -1 i
_pim Lo (e0sAY =D N3 sin A =0+—3(l):£
Ar—0 2 Ax A0 D Ax 2 2
28, lim cos(m + Ax) + 1 ~ lim 7 cos Ax — sin 7 sin Ax + 1
Ar—0 Ax Ax—0 Ax
: { (cos Ax — 1)} . [ __sin Ax}
= lim [-——| - lim |sin7
Av—0 Ax Ax—0 Ax
=0~ (0)) = 0
29. 1im [ f(¥)g()] = [ lim /() | 1im ()| 31 1im [/(x) + 2g(x)] = lim /() + 2 lim g(x)
— 1)y —
= (—6)(%) = -3 = -6+ 2(5) =-5
2
w  Jmseo 3. 1 "= [tim /]
30. lim Jx) = ’i—wi = T6 =-12 s [f(x)] ot S &)
x—c g(x) xlgi g(x) (E) _ (—6)2 - 36
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V2x +9 -3 !

X

3. f(x) =

The limit appears to be % -1 1

X —0.01 —0.001 | 0 | 0.001 0.01

f(x) | 03335 | 0.3333 | ? | 0.3333 | 0.331

lim f(x) = 03333
(2x +9) -9 . 2 2 1

fg Y2X 49 -3 N2x+943 L Qx+9)-9 ~ 1
=0 x J2xr+9 +3 Hox[\/zx+9+3J =0 2x+9+3 J9+3 3

M. f(x) = W .

J
.]f

The limit appears to be —%

X —0.01 —0.001 0 | 0.001 0.01

f(x) | —0.0627 | —0.0625 [ ? | —0.0625 | —0.0623

1
li = —0.0625 = —
lim f () T

1 1
R U S S U el G e ) S O S &
o0 x 50 (x + HAx) 0 (x + HE 16

x>+ 729

35, flx)= 222

f( ) x+9
800
_18 \—— 2

0

The limit appears to be 243.

X -9.1 -9.01 -9.001 -9 | -8.999 -8.99 -8.9

f(x) | 245.7100 | 243.2701 | 243.0270 | ? 242.9730 | 242.7301 | 24.3100

3
lim 22 _ 243,00
=9 x+9
3 x + 9)(x* — 9x + 81
limﬂzlim( I ):lim(x2—9x+81):81+81+81:243
=9 x+9 x—-9 x+9 x—-9

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



106 Chapter 1 Limits and Their Properties

36. f(x) =

cosx — 1

X

1

A
v

The limit appears to be 0.

-1

X

—0.01

—0.001 | 0 | 0.001

0.01

S ()

0.005

0.0005 | 0 | —0.0005 | —0.005

lim f(x) = 0.000

. cosx — 1 . cosx —1 cosx +1
lim = lim .
x>0 x x=0 x cosx + 1
. cos’x —1
= lim ——
x=0 x(cosx + 1)
: —sin’x
= lim ——
x=0 x(cosx + 1)
. (sinxj[ —sinx j
=lim|— || ———
x—=0 1\ x cosx + 1
0
=M=
03)
=0
37. v = limM
t—4 4 — ¢
[-4.9(16) + 250] - [ 4.9/ + 250]
- t—4 4 — ¢
4.9(r* - 16)
B t—4 4 — ¢
4.9(t —
_ im (¢ —4)(t + 4)
14 4 — ¢

38.

= lim [4.9(t + 4)] = —39.2 m/sec

The object is falling at about 39.2 m/sec.

492 +250 =0 = ¢ = 5—70 =~ 7.143

The object will hit the ground after about 7.1 seconds.

When a = 5—70, the velocity is

s(a) - s(2)

10

[—4.9a2 + 250] - [—4.9z2 + 250]

= lim

lim
t—a

a—t

t—a

2 _ 2
_ i A - )

t—=a a—t

= lim
t—a a—1

= lim[-4.9( + a)

t—a
= —4.9(2q)

= =70 m/sec.

a—t

4.9(1‘ - a)(t + a)

39.

40.

41.

42.

43.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

. x—6 . x—06
lim = lim ——
v X2 =36 xs6(x — 6)(x + 6)

1

lim =
x> X + 6 12

Jx -5 . Jx -5
= lim

e R N N

1
= lim ——
x—-25+t \/; +5

| 1 1
T /2545 5+5 10
fim 23 623

x=3 x — 3 x=»3” x—3

i) =0
lim g(x) =1+1=2

x—-1t

lim A(¢) does not exist because lim A(f) = 1+1 =2

=1 1"

and lim ht) = 3(1+1) = L.

(-1t

lim f(s) = 2

s—>-2

lim (2[x]+1) =2(1)+1=3

x—2"

lim [x — 1] does not exist. There is a break in the graph

at x = 4.
2 _ —
T Sl T e R
x—>2_‘x—2‘ x—-27 2 —x
= lim -(x+2)=-(2+2)=-4
x—=27
lim S -1 = Jit-1 =0

The function g(x) = /8 — x* is continuous on [-2, 2]

because 8 — x* = 0on[-2,2].

The function h(x) = 5 3 is not continuous on [0, 5]

—x
because A(5) is not defined.

f(x) = x* - 81x is continuous for all real x.

f(x) = x* = x + 20 is continuous for all real x.
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SS.

56.

57.

60.

61.

62.

63.

64.

4 . o
f(x) = P has a nonremovable discontinuity at
x —

X = 5 because lirn5 f(x) does not exist.
xX—

1 1
¥ -9 (x-3)(x+3)

f(x) =

has nonremovable discontinuities at x = *3

because lim3 f(x) and lim3 f(x) do not exist.

X b 1

S = =

il s vy MR

has nonremovable discontinuities at x = 1
because lim f(x) and lim f(x) do not exist,
x—-1 x—l1

and has a removable discontinuity at x = 0 because
1

lim f(x) = lim ——— = —1.

x—0 f( ) x—0 (x — 1)(x + ])

lim (x +1) =2
x—1t
lim (x +1) = 4
x—3"

58.

59.

Review Exercises for Chapter 1 107

x+3
A NT:
_ x+3
(x + 3)(x — 6)
= ! ,x # =3
x—6

has a nonremovable discontinuity at x = 6
because lim f(x) does not exist, and has a
x—6

removable discontinuity at x = —3 because
1
lim f(x) = lim = —.
x—-3 f( ) —>3x—6 9
f(2)=5
Find ¢ so that lim (cx + 6) = 5.
x—2*
6(2) +6=5
2¢ = -1
1
c=—=
2

Find b and ¢ so that lim (x2 + bx + c) = 2and lim (x2 + bx + c) = 4.

x—=1"
Consequently you get l+b+c =2
Solving simultaneously, b = -3 and

f(x) =3 +7
Continuous on (—ee, o)
2 - 4x — 1 2
f(x)=4x +7x -2 _ (A -1)(x+2)
x+2 x+2
Continuous on (—eo, —2) U (=2, o). There is a

removable discontinuity at x = —2.

f(x) = ~/x + cos x is continuous on [0, o).

16) = [+ 3]

lim [x + 3] = k + 3 where ks an integer.
k

lim [x + 3] = k + 2 where k is an integer.

x—k~
Nonremovable discontinuity at each integer k

Continuous on (k, k + 1) for all integers k

x—3t

and 9+ 3b + ¢c = 4.

c =4

65.

66.

67.

=3x2—x—2=(3x+2)(x—1)

f(x) x -1 x—1
lirr} f(x) = lirr} (B3x+2)=5

Removable discontinuity at x = 1

Continuous on (—ee, 1) U (1, o)

f() 5—x, x<£2
X)) =

2x =3, x> 2
lim (5-x) =3
x—>2"
Xlin; (2x-3) =1

Nonremovable discontinuity at x = 2

Continuous on (—ee, 2) U (2, )

flx)=2x -3

fis continuous on [1, 2]. f(1) = -1 < Oand

f(2) =13 > 0. Therefore by the Intermediate Value
Theorem, there is at least one value ¢ in (1, 2) such that

2¢3 -3 =0.
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108 Chapter 1 Limits and Their Properties

68. f(x) = x* +x-2 72. lim = e
Consider the intervals [-3, 0] and [0, 3]. =6 (x - 6)
-1
Iim ———— = —
S3) = (-3 -3-2=4>0 R
f0)=-2<0 .
By the Intermediate Value Theorem, there is at least one 7. f (x) = ;
zero in [-3, 0]. 3
Iim = = —
f0)=-2<0 0" X
.3
fB) =03 +3-2=10>0 lim == e
Again, there is at least one zero in [0, 3]. Therefore, x = 0 is a vertical asymptote.
So, there are at least two zeros in -3, 3. 5
[ ] 74. f (x) = —
(x=2)
69. f(x)=x2+5x—4 ' 5 .
Iim ———— = o0 = lim ——
w2 (x = 2)* w2t (x = 2)*

S is continuous on [-1, 2].

) Therefore, x = 2 is a vertical asymptote.
fE) =(-1) +5(-1)-4=-8<2

3 3
2) =22 +52)-4=10>2 75, f(x) = —— = al
/@) @ /) ¥ -9 (x+3)x-3)
The Intermediate Value Theorem applies. 3 e
X2 +5x-4=2 xl_l,rg—xz—9:_wandxl—l>§+x2—9:w
¥ +5x-6=0 Therefore, x = —3is a vertical asymptote.
(x + 6)(x - 1) =0 ) 3 ) ¥
. . . lim = —oo and lim = o
x =1 (x = —6 lies outside the interval.) xo3 X2 =9 o3t xS =9
c=1 Therefore, x = 3is a vertical asymptote.
So, f(1) = 2. 6x 6x
76. f(x) = 3 = —
3 36 — x (x + 6)(x — 6)
70. f(x)=(x—-6) +4 . 6x . 6x
. . lim > = coand lim > = —oo
f is continuous on [4, 7]. ro-6- 36 — x x-6" 36 — x
Therefore, x = —6 is a vertical asymptote.
f@) =(4-6+4=-8+4=-4<3 P
J()=(1-6 +4=1+4=5>3 BT T
The Intermediate Value Theorem applies. Therefore, x = 6 is a vertical asymptote.
3
(x—6" +4=3 1
s 77. f(x) = sec X _
(x—6) =-1 2 cos 22X
x—6=-1 .
¥ = -1 cos 5 = Owhenx = %1, £3, ...
¢=>3 Therefore, the graph has vertical asymptotes at
So, f(5) = 3. x = 2n + 1, where 7 is an integer.
71. lim = —
r6~ X — 6
lim ! = oo
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1

78. f(x) = csc x = —
sin 7x

sin 7zx = 0 forx = n, where n is an integer.

lim f(x) = oo or —eo

X—n
Therefore, the graph has vertical asymptotes at x = n.

2
79. fim ©F2X+1_

x—1" x—1

—oo

80. lim —% =
o2t 2x =1

st fim "L o gm L1
xo-1t X7 +1 st xT—x+1 3

x+1 1 1
82. lm — Iim ———M— = ——
x—-1" X4 -1 x—-1" (x2 + 1)(x - 1) 4

83. lim (x - %] = —0

84. lim —— = —

Problem Solving for Chapter 1

1. (a) Perimeter APAO = m+m+1
Perimeter APBO = \/m +\/m +1
m+m+l

\/(x—1)2+x4+\/x2+x4+1

()

= x2+(x2—1)

(b) r(x) =

8s.

86.

Problem Solving for Chapter 1 109

. sin 4x . 4(sin 4x 4
lim = lim |- = —
-0t Sx x—o0t| 5 4x 5

sec x°

lim —— = -

x>0~ 2x

(Note: sec x> = 1 for x near 0‘)

csc 2x

87. 1im 7 = fim—— =
x>0t X x—0t X sin 2x
2
88. lim & ¥ - o
o0" X
89, ¢ = 30000p
100 — p
80,000(50
@ C(50) = 80.000(50) _ g50,000
100 — 50
80,000(90
) c(00) = 220000 _ 50,000
100 — 90
(¢ lim C(p) = oo
p—100"

X 4 2 1 0.1 0.01

Perimeter APAO | 33.02 | 9.08 | 3.41 | 2.10 | 2.01

Perimeter APBO | 33.77 | 9.60 | 3.41 | 2.00 | 2.00

r(x) 0.98 095 | 1 1.05 | 1.005
1+0+1 2
¢) limr(x) = ——===1
()\'—>0+() 1+0+1 2

It would be financially impossible to remove 100%
of the pollutants.

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



110 Chapter 1 Limits and Their Properties

1

1 X
2. (a) Area APAO = —bh = —(1 ==
® L= Ly = 2
Area APBO = lbh = l(1)(y) =7 - Lz
2 2 2 2
2
) a(x)zwzx/zzx
Area APAO x/2
X 4 (2|1 0.1 0.01
Area APAO |2 | 1| 12 | 120 | 1/200
Area APBO 8|2 1/2 1/200 1/20,000
al(x) 4121 /10 | 1100
(¢) lim a(x) = lim x =0
x—0t x—0t

3. (a) There are 6 triangles, each with a central angle of 60° = /3. So,

Area hexagon = 6[%bh} = 5[%(1)

sing} ENERS 2.598.
3 2

h=sin6

33

Error = Area (Circle) — Area (Hexagon) = 7 — 5 = 0.5435

(b) There are n triangles, each with central angle of 8 = 27/n. So,

o= o] o] -

n sin(27r/n).

2

c
© n 6 12 24

48

96

n 2.598 3

3.106

3.133

3.139

As n gets larger and larger, 277/n approaches 0. Letting x =

which approaches (1)z = 7, which is the area of the circle.

4-0 4
4. (a) Slope = = —
(a) Slop 3.0 3
3
b) Slope = —=
(b) Slop 2
. 3
Tangent line: y — 4 = —Z(x—3)
S .
Iy

(© Let Q = (x,y) = (x, J25 - xz)

V25 -x2 -4

x—3

X

2z/n, 4, =

sin(27/n)

sin(277/n)  sin x

d) lim m,
x—=3

2/n

(27/n) d x

V25— at -4 25 -2+ 4

i
- J25 - 22 + 4
. 25— x% — 16

lim

2 (x = 3)V25 - 2+ 4)

lim (3 - x)(3 + x)

3 (x = 3)(V25 - ¢+ 4)

) -3+ x) -6 3
1 = = _
D54 44 4

This is the slope of the tangent line at P.
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Problem Solving for Chapter 1 111

12 _ — 2 —
5. (@) Slope = - @ limm, = lim 12 V169 - 2 12 ++/169 - x
s x5 x—5 x—35 12+\/169_x2
(b) Slope of tangent line is o ; 144 — (169 — xz)
= lim
5 3 (w912 + 169 - )
y+12="(x-5)
12 x2 =25
5 169 . = lim
y = Bx — E Tangent line x5 (x _ 5)(12 i \/m)

© 0= (%) =(x-169 - ) ¥ 105
251244169 —x2 12+12 12
= _—V169_xz+12 This is the same slope as part (b).
x-=35

X

Jaibi -3 _Navhi -3 Naibi+ 3 (a+b)-3

6. . -
. . Jatbr e at b +3)
Letting a = 3 simplifies the numerator.
3+ bx -3 . bx . b
So, lim = lim = lim
x=0 x (N3 b +1/3) 03 b 3
b
Setting ———— = \/3, ouobtain b = 6.S0, a = 3and b = 6.
NI Y
7.() 3+x 20
>3
x = =27
Domain: x = —27,x # Lor [-27,1) U (1, )
(b) 05
-30 V_JI‘M—_“' 12
-0.1
3+’ -2 o g
li = = =— = 0.0714
© xalgl# f(x) =27 -1 -28 14
@ lim f(x) = lim V34xP -2 B3aaP 2 im 3+ -4
xol Xl x =1 /34 53 42 ol (x - 1)( [3 1 5 4 2)
. X -1 1
= lim = lim
¥l (xl/3 - l)(xz/3 + x4 1)(\/3 + X+ 2) P xP 1)(\/3 + x4 2)
_ 1 -1
1+1+pn2+2) 12
8. lim f(x) = lim (a®> - 2) = da® -2 9. (a) lim f(x) = 3: g, &
x—0" x>0~ x—
ti t2:
lim /(x) = lim _ a(because i DX _ l] (b) fcontinuous at 2: g,
x>0t x—ot tan x x=0 X (c) limﬁ f(x) =3 21, 3. 24
Thus, a?-2=a 2
at-a-2=
(@a=2)a+1)=0
a=-1,2
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112 Chapter 1 Limits and Their Properties

10. i

() lim f(x) =1

(c) f'is continuous for all real numbers except

— 1 1
X = O, il’ii’ ig,

11.

@ fO=[]+[-1]=1+(-1)=0
f(0) =0
fE)=0+(-1)=-1
f(-27) = 3+2=-1
(b) Xlin; flx) = -1
Jm 0 =1
i, 1) = -1

(c) fis continuous for all real numbers except
x = 0,41, 42,43, ...

12. (a) Vo= 192,000 + 2 — 48
r
192,000 Sy 4 48
r
. 192,000
V2 — v + 48
. 192,000
limr = ———
V=0 48 — v,

Let v, = /48 = 4/3 mi/sec.

13.

14.

(b) Vo= 1920 + 2 = 2.17
r
1920 =2 -yl + 217
,
= 1920
v =2 + 217
. 1920
lmr = ——
v—0 2.17 b V02
Let vy = ~/2.17 mifsec (= 1.47 mi/sec).
10,600
c r=—=
© v =2 + 6.99
. 10,600
lim r =

=0 6.99 — v,
Let v, = ~/6.99 = 2.64 mi/sec.

Because this is smaller than the escape velocity for
Earth, the mass is less.

() (i) lim P, 5(x) = 1

X—a

(i) lim P, ,(x) = 0

x—a

(iif) lim P, ,(x) = 0

x—b

(iv) lim B, ,(x) =1

x—b~

(c) P, ,is continuous for all positive real numbers
except x = a, b.

(d) The area under the graph of U, and above the x-axis,
is 1.

Let a # Oand let € > 0 be given. There exists §, > 0

such that if 0 <|x — 0| < & then ‘f(x) - L‘ < ¢&.Let

6 = 6/|al.Thenfor 0 <|x - 0| < & = &/|a

have

,you

As a counterexample, let @ = 0 and
, x#0
x) = .
f( ) {2, x=0
Then lirr(l) f(x) =1= L,but

lim /(ax) = lim /(0) = lim 2 = 2.

x—0
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